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Abstract

We establish formulae for the regularized determinant of the twisted Laplacians
on forms over odd dimensional real projective spaces. This work corresponds to
a generalization of the previous formula for this type of space and we prove the
equivalence in the common cases, what leads to interesting, if simple, identities
involving special values of Bernoulli polynomials and the Riemann zeta function.
As application, we calculate the Analytic Torsion of these spaces in relation to all
unitary representations of their fundamental group.

MSC2020: 11M36, 11B68, 11M06. Keywords Regularized determinants; projec-
tive spaces; Bernoulli polynomials; Riemann zeta function.

1 Introduction

Regularized determinant is a concept that arises from the study of the spectral zeta
functions and has applications on areas such as analytic number theory, global analysis
and physics.

The spectral zeta functions were established by Minakshisundaram and Pleijel [10]
as special Dirichlet series constructed in terms of the eigenvalues of the Laplacian on
functions over compact differentiable Riemannian manifolds. Since these functions re-
vealed themselves to be useful on a wide range of applications, they were appropriately
generalized to several contexts.

In this text we consider the spectral zeta function § (s,A%sz_] p) of the twisted
. :

Laplacians Ag ), ) associated to unitary representations p : 7r; (RP?"~1) — U(N)
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of the fundamental group of the odd dimensional real projective spaces. The twisted
Laplacians are a generalization of the Laplace-Beltrami operator A}, since A7, is essen-
tially the twisted Laplacian associated to the trivial representation of 7; (M). Denoting
the eigenspace associated to an eigenvalue A € R by E (A,Az,,‘ p), the zeta function of

A}y , is defined for Re(s) > dimTW) by:

(s,A% ) = Y dim(E(4,Af )4,
A0

and is extended meromorphically to C, being analytic at s = 0, see [4, Theorem 1.12.2].

The importance of the spectral zeta functions § (S7AZ/1, p) relies on their intrinsic re-
lation to the Riemann zeta function and the several applications they have, in special
providing useful informations about the underlying manifold. Some of these infor-
mations come from the study of the regularized determinant of the twisted Laplacian,
detAj, ,, which is obtained from the derivative at zero of {(s,A}; ;).

The regularized determinant of AZ/I, 0 is defined in terms of § (s,Az,L p) by:

ety = e 08,)

)

in analogy to the fact that for a diagonalizable invertible linear operator 7 : V — V
acting on a finite dimensional vector space, the auxiliary function

Z(s,T):= ;dim(E(l,T))l_s

satisfies:
detT = ¢ 20T,

One of the most important ways the regularized determinant provides informations
about the underlying manifold is through the study of the Analytic Torsion T,(M, p),
which is defined for the representation p : m; (M) — U(N) by the expression:

n q q(—l)‘”l 1 n g , q
T.p) = [T] (detafy, )" =exp |5 X (~1)%C'0.4%,) ]
4=0 q=0

For representations p : (M) — U(N) for which the associated elliptic complex
is acyclic, i.e., has trivial cohomology, the Analytic Torsion is a topological invariant
of the manifold and the representation which can detect non-homeomorphic manifolds
even when their fundamental group, homology and cohomology are the same.

The reason for studying the Analytic Torsion of the twisted Laplacian is the fact
that the elliptic complex associated to the trivial representation of the fundamental
group never has trivial cohomology, which means the Analytic Torsion associated to
the regularized determinant of the Laplace-Beltrami operator is not an invariant of the
manifold in general. In particular for odd dimensional real projective spaces the elliptic
complex associated to a unitary representation p : (M) — U(N) is acyclic if, and
only if, the representation may be decomposed in the form p ~ 6, & --- ® 0, where
0, denotes the non-trivial irreducible representation of 7; (RP?"~1).
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In this text we establish explicit formulae for the regularized determinant of the
twisted Laplacian on odd dimensional real projective spaces and establish some related
results.

On section 2 we use the decomposition of C™ (ASZ'"’l) into SO(2m)-irreducible
modules, as well as the association of eigenvalues to each of these modules established
on [7] and the Theory of [5, section 3.9] to decompose C (ARP?"~!) into SO(2m)-
irreducible modules and since the dimension of each SO(2m)-irreducible module was
established previously on [15], we obtain the spectrum and dimension of the eigenspaces

of A?Rsz,l , and consequently, we get this information for A?RPQM,I ) for any unitary rep-

resentation p of the fundamental group of 7t (RP?"~1).

On section 3 we establish our formulae for determinants which corresponds to a
generalization of the formula obtained by Hartmann and Spreafico on [6] and follows
the same method adopted by Weng and You on [15] and by the author on [12] and [13].

Section 4 is dedicated to the proof of the equivalence between our formula and
the one established by Hartmann and Spreafico on [6] in the cases covered by the
second one, what leads us to interesting identities involving special values of Bernoulli
polynomials and special values of the Riemann zeta function.

On section 5, as an application, we use our formula to calculate the analytic torsion
of RP>"~! in relation to all unitary representations of 7 (RP>"~!), what was done
before, for example on [8], but using different approaches.

Moreover, for the convenience of the reader, we have added an appendix where we
enlist results from other references that are fundamental for proving some of the results
present in this manuscript.

2 Spectrum and eigenspaces of the twisted Laplacian

To establish the formulae for determinants on odd dimensional real projective spaces
we first describe the spectrum and dimension of the eingenspaces of the Laplacian on
forms over RP?”~! and them we use these informations to study the associated spectral
zeta functions. Since S” is the universal covering space of RP” for n > 2, we use the
already known data for the Laplacian on C*(A*S") to deduce the desired results on
C*(A*RP>"~1), m > 2; and for the case of C*(A*RP!), we use Hodge duality and the
already known data for the Laplacian on C""(AO]RP1 ). We outline now the main results
that we need to accomplish our first objective for n > 2.

On [7], Ikeda and Taniguchi decompose the spaces C*(A*(S")) of forms over S"
into irreducible SO(n + 1)-modules and describe the eigenvalue associated to each of
them, which unravels the spectral decomposition of these spaces. On section 6 of their
text, they describe the relationship between eigenforms on S and harmonic polynomial
forms on R"*1,

Let A denote the Laplace operator on C*(A*R™*!) and let & be the formal adjoint
of the exterior differential on this space. For ¢ € {0} UN, ={0}u{ie N |i<n}
and k € {0} UN, the space ng of harmonic polynomial forms on R"*! is the space of
a € C=(A9(R™ 1)) that satisfy:

o= Y o, i X" N Adxe, Aa=0 and o =0,
0<iy < <ig<n+1

F. S. Rafael
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where Qi.....i, are homogeneous polynomials of degree k.

Denoting by i : §* — R"T! the inclusion map, it is proved on [7, Corollary 6.6]
that for every g € {0} UN,, the restriction of the pullback function i* : Y50 H{ —
C=(A?(S™)) is injective and has its image dense in C=(A9(S")).

Considering the natural actions of SO(n+ 1) on C*(AY(R"*1)) and C=(A?(S"))
we see that HZ and i*H,f are SO(n + 1)-modules, and moreover, i* commutes with
these actions. Therefore, by decomposing H,f into SO(n + 1)-irreducible modules one
obtains the corresponding decomposition of i*H, kq . This decomposition was established
by Ikeda and Taniguchi on [7, Theorem 6.8] and is presented in the odd dimensional
case on Table 1, which uses the same roots adopted by Weng and You on [15], namely,
[1={zxeite; | i# j}istherootsystem, [], = {e;—ej,e;+e; | i < j} are the positive
roots and {e| —ey,ex —e€3,...,em_1 — €m,em—1 + €y} are the simple roots, as opposed
to the roots adopted on [7], with the convention that for 1 < g <m, E(—1A1+A,) =
E(—1A1+A,,) = E(—1A; + A};) = {0} is the trivial module.

Table 1: Decomposition of the spaces i*H,! into SO(n+ 1)-irreducible modules. These
data were first presented at [7].

n=2m—1,m>1
q Hy
q=0 E(kA,)
1<g<m—2 E(kA1+Ag) DE((k—1)A1 + Agy1)
g=m—1 E(kA1 4+ Ap—1) ®E((k—1)A1 +A,,) ®E((k— 1)A4 +A$)
g=m E((k—1)A1 + A1) BE(kA1 +A,,) DE(kA1 +A})
m+1<qg<2m—2 | E(k—1)A1+Ap—g) BE(kA1 +Api1—g)
g=2m—1 E((k+1)Aq)

By using [5, section 3.9], we have that given a compact Riemannian manifold with-
out boundary M whose fundamental group is cyclic of order /, by selecting representa-
tives (ps)o<s< for the irreducible representations of 7y (M), it is valid that:

E(A,AL) = @m*E(A,A,@_pSL (1)

where 7 : M — M is the universal covering map of M, Aﬁm is the twisted Laplacian
associated to ps and T*E(A,A]; p,) 18 the space of equivariant eigenforms of AZ;I asso-
ciated to A € R and p;. '

So, by identifying among the eigenforms of A_qg,,, n > 2, the ones that are equivariant
in relation to the trivial representation o of 7; (RP") in U (1) we obtain the eigenvalues
and dimension of the eigenspaces of A?RP” ~ A?RP% o

These eigenforms are precisely the pullbacks by the inclusion map i : §* — R"*! of
the harmonic polynomial forms @ € C*(AYR"*!) that satisfy @ (x) = ®(—x) for every
x € RYLIf H,f is one space of harmonic polynomial forms, then H,f contains forms
with this property if, and only if, g+ k is even and in this case every element of Hkq has
this property.

F. S. Rafael
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Therefore, we may apply the results of Table 1 and (1) to decompose C*(AYRP"), n >

2, n odd, into irreducible SO(n+ 1)-modules, as presented in Table 2. In the case n = 1
we cannot apply the theory of [5, section 3.9] to study the spectrum of RP!, since
7 (RP') ~ Z and S' is not the universal cover of this space. Nevertheless, the spec-
trum and eigenspaces of A%Pl are known, see [3, Section 3.2.B], and by Hodge duality,
for an arbitrary orientable manifold M of dimension n we have for every ¢ € N, U {0}
that A,qw and A,’f,l_q have the same eigenvalues and the corresponding eigenspaces are
isomorphic. So, the results that would be obtained if we applied the theory of [5, sec-
tion 3.9] in this case, considering the natural 2-fold Riemannian covering map of S! on
RP!, are correct. Table 2 summarizes the decomposition of C*(AYRP"), n > 2, n odd
and the decomposition of C**(AYRP') into irreducible SO(n + 1)-modules.

Table 2: Decomposition of the spaces of forms into SO(n + 1)-irreducible modules on
odd dimensional projective spaces

n=2m—1m2>=1

q C”(AIRP")

Brao ECRAD

1<q<m=2; geven D0 E kA1 +Ay) DE((2k+ 1)A1 +Ayt1)

1<q<m—2; godd @k20E((2k+ DA+ Ay) ®E(2kA —|—Aq+1)

€ {m—1,m}; meven D0 E((2k+ 1A + A1) ®E(2kA +A,,) DE(2kA| +A)

g€ {m—1m}; modd Diz0 E(2kAL + A1) DE((2k+ DA +A;) ®E((2k + DAL +AF)
mi1<g<am-2qgeven | Do E((2k4+1)A1 +Au—g) DE(2KAL + Apy1—g)
m+1<q<2m—2; godd @k;OE(ZkAl +An_g) DE((2k+1)Ay +An+1,q)

g=2m-1 D0 E(2kA1)

On Table 3 we present the weights, corresponding eigenvalue and dimension of the
associated spaces. This table summarizes part of the data present on [15, section 2],
but we correct a misprint of these data which corresponds to the last line, last column
of the table for g # m. There is a proof for the misprint of Weng and You data on the
appendix of [12].

Table 3: Associated eigenvalues and dimensions of the SO(n + 1)-irreducible modules

Weights cA dimE(A)
KA, Kk+n—1) (2k+2n172)%
regemt | ratntiog) | Yompe (| Gmo )
kAL + AL (k+m)? ( k+'Z_1 )( kfnle_l )

Finally, taking into account the fact that every unitary representation of a finite
group may be decomposed into a direct sum of irreducible representations; the fact that

F. S. Rafael
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71 (RP>"~1) has only two irreducible representations, the trivial o and the non-trivial
02; and the expression (1), we establish Table 4 with the eigenvalues and dimension of

the eigenspaces of the twisted Laplacians Aﬂquzm_, , in relation to the representation

p:al@@cl@(jz@@cz

Y N-y

On this table we use the function E]q‘ which is defined for k,q € NU{0} by E’q‘ =
Y, if k+¢=0 mod 2 and Ef =N —v,if k+¢ =1 mod 2.

Table 4: FEigenvalues and dimension of the eigenspaces of the twisted Laplacian

ARPZ’” .- The value of k varies in {0} UN.
degree eigenvalue dimension of the eigenspace
0 k(k +2m— 2) EE-(k+2m-2) (zlfzzm’":z‘;?[
1<g<m—1 (k+q)(k+2m—q) £ At (so tamgr )

1§q§m—1 (k+q+l)(k+2m_q_l) P 2(k+m)(1f+2m—])l)< k+2m—2 )

Eqrl Tergi Dk T2m—q— kg,2m—q—2

m<gq< 2m—2 (k+2qu)(k+q) k. 20kt m)(k+2m—1) < k+om—2 )

9" (k+2m—q)(k+q) k2m—1-q.q—1

m§q§2m—2 (k+2m_q_1)(k+q+1) £k 2(k +m)(k+2m—1) ( k+2m—2 )

g+1 k2m—g—D(k+rq+ 1) \ k2m—gq—2.q

2m—1 k(k+2m—2) £k - @k 2m—2) EE2m=3)!

K(2m—2)!

3 Determinants on odd dimensional projective spaces

We start now the construction of the explicit formulae for determinants. By using Table
3 we may define for g € N,,,_; the auxiliary functions:

Ei(s) = dimE(kAi)cy keN,

ak(s) = dim E(KA; + A, ck,iw\, k € NU{0},

Emi () = dimE(kA1 +A,,)c, kA A ke NU{0}, 2)
Eri(s) = dimE(kA +i\ Ciaiase kENU{0},

i) = & () +E5(5), k € NU{0}.

These functions are the same auxiliary functions defined in [12, section 3.1] to
calculate the regularized determinants of odd dimensional spheres. By using them and
the decomposition of C**(AYRP?"~1) into SO(2m)-irreducible modules given by table

2, remembering to exclude the eigenvalue 0 on § (s,ARPZm 1) and (s ,A]%”’PZ,,} 1), we

may describe the spectral zeta functions of RP>"~! in the following way:

C(SvAszm )= Z ‘56)21((5) :k§0€ﬁ2k+1(s)

C( S, RPZm 1) kz() qZk( )+€(;+],2k+l(s); lgqgm_ly q even

C(S7Aép2m 1) = Z €q2k+1( )+éqo+1,2k(s); I<g<m—1, g odd
2m—1

c(st%pzm )= C(SaARliszlq)Q m<q<2m—1.

F. S. Rafael
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for 2a,2a+1 € N,,.
By defining uf := (I—¢)(2m—g—1) and u? :=

So, to determine the derivatives at zero of the spectral zeta functions we only need
to calculate the derivatives at zero of the functions kg() S5uox(s) and k§0 SAREYIRIC)

uh) €

q q q
(ul )IEN,,, {q}_(ulv auq_lvuq+1a~~~v

71, and using Lemma 6.5 with ¢ = 2a in the first equality below and part S; of
Lemma 6.4 with n = 2m — 1 in the last one, we have for every a € N such that 2a € N,

Z éZOa,Zk (S)
k=0

3

2ep— Jj— 1(u?)

E’O (2m—q-T1)!(g-1)! kgo (2k+2a)s~ J(2k+2m 2a)°~
m-1 2e,,— 1( ) 1
]EO (2m—q jl) Hg—1)! Z (26T (2k-+2m—A4a)y—]
m 2em 1( q
,Zo (2m—q— Jl) g—1)! k; (2k)s=7 (2k+2m—2q)“*j
m—1 Qe 1( |
JE’O (2m—q jl )! Z (2k)S—7 (2k+2m—2q)5~J
m-1 2e,, ;1 (u9) 1
EO (2m—g—1)!(q—1)! kél (2k)5 T (2k-+2m— 2,,) =7
a—1
2

£, @ TG 1) (2R 2k 2m=2)° Z em—j—1(u?)(2k)! (2k+2m —2q)/
ml 2ep— Jj— l 1

=y @m—g-1) ( )! Z (2k)s~ T (2k+2m—2q)s~ 1"

where e, ;1 (u?) denote elementary symmetric polynomials on u?:

!/
is reduced to calculating < Y 1)
k>

m

H x—i—ul

=1

Zemlluq

~

Using the same Lemmas with g = 2a+ 1 we have for every a € N such that 2a+1 €
Ny

=

!/
So the problem of calculating ( Y &k (s)>
k=0

Y Soar1kr1(s) = 'Zo @m—q—1)1(g—
=

m—1

2em— Jj— 1 (ud 1

7 (2k+2m—2a)s—7

) ):0 (2k+2a+2)5~

m=1 2, j—1(u?)

Z (2m—q—1)!(g—1)! ¥ 1

(Zk)s’-f(2k+2m74a72)5*-f

j= k>a+1
— i] 2em Jj— l(”q) 1
= (2m—q—1)!(g—1)! S (2k)5—J (2k+2m—2q)5~
_ m_ 1 2ep— Jj— I i 1
=0 (2m—q—1)! (2k)5=7 (2k+2m—2q)s~
— mil 2em ] l Z 1
o (2m—q— =1 (2k)5—J (2k+2m—2q)5—J *

and (Z §2a+1,2k+1(5)>/

s=0 k>

s=0

for ¢ = m —q. The following

265 (2k+20)5 7
| (269 ) o

Z

F. S. Rafael
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lemma is a generalization of [15, Lemma 3.1] and will help us to calculate the desired
derivative. Notice that Lemma 6.2 guarantees us that the function { g ;(s) defined
below is well defined and is holomorphic at s = 0.

Lemma 3.1. For o, j € NU{0} and B € (0,+0), the function Cq g ;(s) defined by

1
Capj(s) = k§1 (Bk)s—J(Bk+ Ba)s—

for Re(s) > 0 and extended meromorphically to C satisfies:
Cop(0 Zlog (BR)(BK)’ (B (k— )’

+Z<2l> (Ba)? (2 2422 (2;—2]+21))

t=0

Proof. Differentiating the function {, g ;(s) term by term we obtain:

log(Bk) log(Bk+Ba)
(IX,B.,j(s) kgl (BRI (Bkt poy— kg (BRI (Bk+Pa) 7
_ log(Bk) log(Bk)
= Z BBk Bay T L, BB T(Bl-pay
- Z %

ok, | BEBay T(BRFT |
_ log(BK) log(BK) pa\
= L eripkpaT L, Bor Y (1 + ﬁk)

N log(B) (1 _ Ba\ "/
o w (1- )

Using |%| < 1for k > o+ 1 and the Binomial Theorem we have:

) g log(BK) log(BK) —s+j\ (pa)’
ap) = L GopeparT L B r\ (5)
3 log(BK) —s+j\ (_Ba\'
oL, O 2/)12( ! )( i)
_ a _ log(Bk)
- kgl (Bk)S—J (Bk+Bo)s—
—s4+j [ log(Bk) & log(Bk)
< ) |:k§] ﬁk 25—2j+l 7](;] (Bk)2x—2j+l (3)
1 log(Bk) % log(Bk)
k}l Bk 25—2j+ (ﬁk 2v 2j+1

—s+ oz
- ‘Zwlﬁgﬁ(%+ < ]>{(ﬁa) .
P I%Hﬁw”(ﬁ 21311y (252 1)
+(— Ba)l%(ﬁ T2 CR(2s—2j+1))].

F. S. Rafael
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The Riemann zeta function has a simple pole of residuum 1 in s = 1 and is holo-
morphic in the rest of the complex plane So the function (B~2+2/~/ CR(ZS - 2 j+0)
has a pole of order 2 in s = j— £ + § and is holomorphic on C — {j — £ + 1}. This
pole happens at s = 0 if, and only if, = 2j 4 1 and in this case we have:

(Ba)' 5 (B2 La(2s~ 2+ 1)) + (~Bar)' 5 (B> (25 —2j +1)) =0,

Therefore, evaluating expression (3) at s = 0, we obtain:
Cop 0 = — ¥ i +>:< ) (Bou)?! (B2 Lr(25 = 2j+21)) |50
Bo ¢ log(Bk) ] Bo
(1) )+ £ e (]) (%)
g () (B (B~ B+ 5, ) (B (B2 2 G252+ 20|

O

_|_
||M@
-
E
Tl=
|
NE
™

I
~
[Raeks

By using Lemma 3.1 with @ = m —q and § = 2 we have for ¢ € {0,1} and ¢ =
2a+ ¢:

< Y §2a+¢,2k+¢(5)>
k20 . 5s=0
+E ( J ) (m—2q)% (27212 g2 —2j+20)) |

m-1 em—i—1(u?)
=2 'E'o W [ Y log(2k)(2k)/(2k —2m +2q)’

By defining

7 ‘1
7y = ): WZ( )(2m2q)21 (2_2’+21_21CR(2I72j+21))/

b

!/
we obtain < Y Soaroonto(s )) = ZzaHj +Z2a+¢
=0

For ¢ = m we have Z{" =0 by definition and for g € N,,,_, by applying part S, of
Lemma 6.4 in the fourth equahty below we have:

m_l eﬁl =
7 = 2]§0W gl log(2k)(2k)/ (2k — 2m + 2g)7
_ ey M
= 2T it £ enjt () (26 (2%~ 2m+ 20)!
mod log(2k) "
— 2y b 2k(2k — 2m+2q) + uf
P (2m—q—1>!(q—1).j:ﬂ¢q( ( 9)+ 1)
_ 2log(2m—2q) " g 2log(2m-2q) m . .
= et L 0= gt I U=a)@m=a=j)
2log(2m—2q) (=1)7"'(g-1)!(2m—g-1)!
(2m—q—1)!(g—1)!

(—1)4'og(2m—2q).

F. S. Rafael
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About Z4, substituting (272 2/2 {p(2t —2,j+21))'|;=0 by x>/ =% we obtain half of

the polynomial expression of Lemma 6.6, so we may conclude that

Z3 = 2 Z em—2k—2(W (2 AL (2 Zk))/ )
- m—
z (2m—g—1)! =0
for
wl = (U= @ity X 2m == qen, gy
= (1-¢,....q—q,..m—q,2m—1—gq,....2m—2q,...m—q) ’
and eZm_Zk_g(w‘f) the elementary symmetric polynomials in w?.
By using
1
VkeN: (Cr(—2k)=0, &g(0)= —3 5)
and the expression
1 if m = 1 and consequently g = 1
q _ b} K
ean—2(wj) = { (= 1) (q—l)!(2£n—q—1)!7 r— (6)

We may write Z] as:

m—1

7= m k)::0 ezm—Zk—2(W?)2kCIIe(_2k) +(=1)71(1+8,,)log2.

/
. 2 2
Since (kz() §2a+¢,2k+¢ (S)) = Z1a+¢ + Zza+¢
>

as conclusion.

s=0

, we have the following Theorem

Theorem 3.2. The derivatives at zero of the spectral zeta functions on odd dimensional

projective spaces are given by: (m > 1)

C(O,A%sz,) = (1+8))log2+log(2m—2+8))
4 £ en a2 G(-20
§'0,M8 1) = (=1)7 'og(2m—2q) +(—1)?log(2m —2q -2+ 8} )
+ G £, ek (W2H G20
+ mlﬂil% a2 (Wi 2R (—2k) 1 <g<m—1
C(0,ML ) = g(OA%”gz,,j 1‘1), m<qg<2m—1
where

=(I—- Q)leNmf{q} x (2m—1— ‘I)leNmf{q}'

and ezm,zk,z(w}) are elementary symmetric polynomials.
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3 DETERMINANTS ON ODD DIMENSIONAL PROJECTIVE SPACES 11

It is interesting to note that Theorem 3.2 of this text and Theorem 4.1 of [12] imply
that regularized determinants are not diffeomorphism invariants, since S' is diffeomor-
phic to RP! and

detA); = detAg; # detAp, = detAd,.

This fact is also observable from the definition of {(s,A},) and the spectral data of S
and RP!, since

C(s,A%) =2Lr(25) and  {(s,A0p) =272 Lk (2s).

Theorem 3.2 may also be used alongside Theorem 4.1 of [12] and expression (1) or

lemma 6.7 to describe the regularized determinant of the twisted Laplacian Aﬁpzmq ,

associated to a unitary representation p of the fundamental group of RP>"~! in terms

of the determinant of A]’épz,,,,l, as described in the next proposition.

Theorem 3.3. Let p : G — U(N) be a unitary representation of the deck transformation
group G of the 2-fold Riemannian covering of S~ on RP>"~! and let
pP=01D--DOIDOLD DOy, O]
4 N-y

be a decomposition of p as a direct sum of irreducible representations, where o1 and 0>
are respectively the trivial and non-trivial irreducible representations of 7t (RP¥"~1).
The regularized determinant of the twisted Laplacian A’

RP21-1 is given in terms of the
determinant of Azz,n, , and A%PM, L, by:
q — q 2y—-N q N—
detARPZm—lp - (detARPZW—l) 4 ) (detAs2m—l) '}’.

Proof. By (1), m > 2, or lemma 6.7 for m = 1, we have for every A € R:

dimE(l,Ang] )= dimE(),,AHqQPmel o )+ dim<AHqu2m7| ,02)'
Since
dimE(ﬂ’vA%Iﬂm—l 7p) = Y(dimE()“vAﬂq@szlm )+ (N=7) (dimE(A7AHq§P2m71’O—2))7
and
dimE(A, A]({g[ﬁmfl o ) =dimE(4, Aépszl ),

it follows from the definition of spectral zeta function that
C(S, AIqRPZm—l 7p) = (2,}/_ N)C(S7 Aﬂqglﬁm—l ) + (N - ’)/)C(S7 AZZm—] )

The result follows from this expression and the definition of regularized determinant.
O
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4 EQUIVALENCE WITH THE PREVIOUS FORMULA 12

4 Equivalence with the previous formula

In this section we prove the equivalence between our formula for det A?RPZ,",I and the
one established by Hartmann-Spreafico for the regularized determinant of the Lapla-
cian on odd dimensional real projective spaces.

The formula obtained by these authors in this case is given by:

) m—1 X
7Y (2t)% T 1ogt

t=1

C/(O,A%sz,l) = (2m4 2 1 Z em 1— l ( ) 2]221 2J C/ (2] 21)
n 2 mzl . do ( )
2m=2)! m—1— l
- (2m4 2)! Z €m—1— l(do)(m )ZICR )10g2

+ 2m2 Zemll [ (2]+1> 71)2j+1

x 222~ 1CR(2]+1—21) <2,+1 ]1og2

®)
where d° = (—(m —1—1)?)en,, -
On the other hand, the formula obtained by us in this case is given by:

§'(0,Ap201) = log(m—1 1+6,,‘1> +2log2
m—
+ ﬁ k)::o eam—2k—2(w})2* Cp(—2k),
for W% = (l — 1)ZEN,"7{1} X (2m—l— l)lENmf{l}'

Analysing the first line of (8), we may substitute 22/=2/{1 (2 — 21) by x*~2/, so
that the corresponding expression becomes

Z . .
2m 2)! ; €m—1— l( 0) Z < ;i >(m—1)2/x21—2/

o
= G m)i em-1- z(do)é)K i.l >(m1)jx2’f+< i.l >(1)f(m1)jx21j
— L endd®) [ m= 1) 4 (G- 1)),
©)
Since
gem @ (Gt m=17) = T (m =12 = 1= 17)
_ [;[(x+2m7271)(x+l) = Tlr+2m—1-0(r+1-1),
and
gem_l_z(d(’)((x—mﬂ)z)l = :'((x_m+1)2_(m_l_l)z)
m-1 m
= [l G—2m+2+0)(x—1) = MG=2m+1+)x—1+1),

=1

T
8]

F. S. Rafael



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.4414

4 EQUIVALENCE WITH THE PREVIOUS FORMULA 13

m—1

it follows by Lemma 6.6 that (9) is equal to ﬁ kZO egm,zk,z(w%) x%* and substi-

tuting back x?* by 2%} (—2k), we obtain the following equivalent expression for the
first line of (8):

4 m—1
m Z €2m—2k— 2(W1)22kC (—2k).

About the second line, it is equal to O for m = 1, and for m > 1 we have:

5 m—1 0 21
m—2) l)::() em—1-1(d )j);o

( 2].’ > (=1)i (m— 1)1":’;:(2;)21—110@

m—1m—1 2l
— i g T e @z & (3 ) 1m0

mlml

m\2l
= (2m 2)! Z Z €m—1— l(do)(ZI)leng(l—i—l )

= mtgl E em—l—l(do)logt(2t+1—m)

m—1 —
= @y L logt Iz]l( (m—1—1)>+ (m—1-21)?)
T (—(m— 112+ (m—1)?)
= Gglog(m—1) TT 12m—2-1)

= log(m—1).

In relation to the third line of (8), this expression is not well defined for m = 1 since
it requires the calculus of 09, and for m > 1 we have:

|
—_

=

= (2m 2)! log( 1)

I~
L
LN

N
Il
-

m—1
e L, en-1-1(d)(m = 1/ Ce(0) log2
22}1110g22' Z Cm—1— l( )(mfl)y

ml

m—1
_ 2log2 H(( 1?2 _(m_1_1)2):%]‘[l(zm—Z—l):logZ.
=1

(2m—2)!

About the fourth and fifth lines of (8), the study of these expressions led us to in-
teresting identities involving special values of Bernoulli polynomials and the Riemann
zeta function, as described in the following Theorems:

Theorem 4.1. The Bernoulli polynomials B, (x) satisfy:

m—1 m=3 21+1
Vm,l €N: By <2> = ];) <k21 + (71)k+m+1k21) . PE

Proof. Form € {1,2} we have:

1-1 2—1

VIieN: le+1 <2> :B2[+] =0 and B2[+1 <2> = <2]7(21+l) — 1) Bz[+1 =0.
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4 EQUIVALENCE WITH THE PREVIOUS FORMULA 14

Assume the result is valid for a certain m € N. In this case we have for all [ € N

that:
m+2—1 m—1 m—1 m—1\?
B — | = B ——+1)| =8B R 2041
21+1< > ) 21+1< > +) 21+1( > >+( +)( ) >
m—3
21+1 21+1
— 21 k+m-+17,21 21
- k;)(k N )-22,+1 +2m =1 S5
m—1
20+1
— 21 k+m+17,21
= Y (et S
k=0
By induction on m € N we have the validity of the Theorem. O

Theorem 4.2. For all m € N the Riemann zeta function satisfies the following identity:

_ 1)2[+1

m—1
0 2j+1~20-2j—1 . . (m

_ (2m—2)!
= I

where e,,_1_;(d°) are elementary symetric polynomials on d° := (—(m—1— I)Z)IEN i

Proof. Using the description of the values of the Riemann zeta function on negative

integers in terms of Bernoulli numbers, {g(—k) = (—1)* i’jll for k € N and B, = 0 for
r > 3 odd we have for [ > 1:

=1 21 ; ; ;
- 2 20< 21 )(m—1)2J+122’—2f—1§R(2]+1—21)
j:
=l 21 2 B
— _1\2j+1920-2j—1B2-2j
zj§o<21+1 >( ¥ 2
_ 2212_2 2 (m—1)/+122=i= 182
j=0 Jj+1 2-j
21/ 9] o1 i By
B 21'21( J >( -2 /ﬁ
27 2] ‘B
$ (2 2—jnjBi 2
= 2,-=o< i )(m—l) /2/].;—*1‘+(m—1)
2 2

l _1\2/-j B;
D) S e,

(V]
D
t
~.
Il IS
=}
7N
~

Now using Lemma 6.1 with p =2/, g =0, x= "1, y=0and z = 3 5" we have
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5 ANALYTIC TORSION OF Rp2M-1 15

the equality between the last expression above and:

_22Ho2n)! (m—1 21+1_%+(m_1)”
=(m—-1)(1- m—1)_ 2B (35)
2041 2[+1

Since e,,_1(d®) = 0 and for all m,l € N, By (377’") =By ("’T*]) we have by
Theorem 4.1

m—1 -1 21 . . . _1)\20+1
Z emflfl(do) [_2 Z ( : )(m_ 1)2}+122172J71CR(2]+1_21)+ (mzzl-i)_1+

= ¥ en14(d) [(m_ 1) _mi3 (k21+(_1)k+m+1k21):|

= em,l,l(do)(m_ 1)21 — ((m _ 1)2 _ (m - 1)2):| _ (2m-2)!

2

O

By this Theorem we may conclude the fourth and fifth lines of (8) are equal to log?2
and combining this result with the expressions corresponding to each of the lines of (8)
we obtain the equivalence between the formula obtained by Hartmann and Spreafico in
[6] and the one obtained by us in this text in the cases covered by both.

5 Analytic Torsion of RP?"~!

The Analytic Torsion of a closed Riemannian manifold in relation to a representation
p : (M) — U(N) of its fundamental group is defined in terms of the derivative at zero
of the spectral zeta function (s, Alqw’ o) by:

Ti(M.p) = exp (; Y (-1 (O’Aﬁip)) -

In this section we use the formulae for regularized determinants established on section
3 to calculate the Analytic Torsion of RP>"~1,
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5 ANALYTIC TORSION OF Rp2M-1 16

By Theorem 3.2 and the definition of Analytic Torsion we have:

2log(T,(RP)) =% (—1)%4' (0,47, )

q=0
m—1
= q);l(fl)"q[(71)‘1’1log(2m72q)+(71)‘710g(2m72q72+551_1)
m—1
@ X, ean-au-2 (W) 22 G (< 2K)
m—1
b i 2P G20)
2m—2
+E (~1)%q[(—1)2" 2 Tlog(~2m+2+29) + (~ 1) 9log(~2m + 29+ 6%)
q=m
m—1 o
+ mgoeszzkfz(ﬁm ! 1)22%1@(—2/‘)
4 m! 2m—qy\n2k 1
+ e K em-2k2(7 )27 6k (=26)
+ (=1 '2m—1) [log(2m—2+8}) + (1 +8})log2
m—1
bt E e (D PGH20)
By defining:
m—1
I = L (=1)%[(=1)7 " log(2m —2q) + (~1)7log(2m 29~ 2+ & ,)]
=
-2
+ (=1)7q [(—=1)>"2"9log(—2m+2+2q) + (—1)*" 1 "4log(—2m+2¢ + &1)]
q=m
+ (=)™ '2m—1) [log(2m—2+8,))]
ot \g(79 1 74t s Vg(72m1=4 o 72m—q D21 (2 — 1) 7]
= Zl(_ V19(Z3+7Zy7 )+ X (=1)1q9(Z, +Zy" )+ (=1) (2m—1)Z,
P -
and
met q 4 ml ayn2k g1
L = q§1(_1) q (2m,q,1),(q,1)!k):zoeszzkfz(wﬂz Cr(—2k)
4 met q+1\A2k 71
g K em-u2(w )2 G (=26)
2m—2 q 4 m—1 dn—g—1\n2k #1
+ q;m (71) q q!(zm,qu)!kEOeZm—Zk—Z(Wl )2 gR(fzk)
m—1 _
+ mkE«OEZm—Zk—Z(W% qﬂ”‘C;’e(Zk)}
m—1
+ (1) '2m-1) [(2,,1“2) kgo eam—2i—2 (W )22KER(=2k) + (1+ 81) log2 | ,
we have:

21og T,(RP?" 1) = T} + 1, (10)
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5 ANALYTIC TORSION OF Rp2M-1 17

where:

no= "L togam-20))+ L [~og(-2m 2q-+ 54
= q=m
( 1)2m=2(2m — 2)log(2m —2) + (—1)*"~! (2m — 1) log(2m—2) ~ (11)

(-
z'"il (~tog(2m—2¢)] 2L [~1og(29)].

About Ty, we may use (4) substituting (2722 p(2r —2k))'| _, by x* and apply
Lemma 6.6 to obtain:

D) = E (-1 32,0+ 12 0]
+ zqg(—l)qq [3Zom-1-q(x) + 3 Zom—q(x)] + (= 1)1 2m—1) [3Z1(x)]
= T 0 [B20+ g 0)] + (1P =) (1210
T e 1) (12,0 + 4Zpe (0] =
o
= T 20+ 512

<
Il

and since we have by (13) that

2 m
Zy(x) = Bm—q—1)1(q Lllﬁll#qx—FZm—q—l)(x—H—q)

m
+ [ G—2m+q+D)(x—1+q)|,
I=1,l#q

it follows that

m—1 2(—1)2
ne = X meenem

I=1,1# I=1,I#q

X ( ﬁ (x+2m—q—1)(x+1—q)+ ﬁ (x—2m+q+l)(x—l+q)>

q

+ ST GemeDaem)t T (eme ) (- 1m)
=D\ =1, 1m I=1,1#m

so that

@Tz(x) = gl(l)q(zm_lz)l #(erZm q—1)(x+1—q)

a1 4= q

m— 2 _2 m

+ X (—l)q( n | ) [T (x—2m+q+1)(x—I+q).
g=1 a1 Ji=1i#q
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5 ANALYTIC TORSION OF Rp2M-1 18

Defining p = 2m — g, we have for g varying in {1,...,m — 1}, that p varies in
{m+1,...,2m— 1} and moreover:

VieN,—{q}, x—2m+qg+Il=x+1—p and x—I+qg=x+2m—p—1,

so that

2r 2y () = f(_l)q(Z;n—f) il (x+2m—q—1)(x+1—q)

4= I=1,i#q
2m—1 2m—2 m

+ X (—1)2’"‘1’(2 " 1> [1 (x+l=p)(x+2m—p-I)
p=m-+1 m—p— [=1,l#2m—p

Note that if x = k is a natural number, k > 2m, then:

Vg € Ny, I[1 (k+2m—g—1)(k+i—q) =
I=1,l#q

(k+2m—q—1)...(k+m—q) (k+m—gq)...(k+1—gq)

(k+2m—2q) k
_ (k+m—q)(k+2m—q—1)! ( 1 )
- (k—q)! k(k+2m—2q)
and since for every p € {m+1,...,2m— 1}, we have the following equalities:
2m—2 _( 2m=2
2m—p—1 )\ p—1 )’
e . ~ (k+m—p)k+2m—p—1)! 1
(k+j—p)(k+2m—p—j)= :
j:I,jImefp (k—p)! k(k+2m—2p)
The expression, MTg(k) may be represented as:
2m—1
(2m=2)! _ 2m—2 (k+m—q) (k4+2m—q—1)! 1
(k) = qgl (=1)¢ ( g—1 ) U—q)! kT 2m=2q)
2m-1 2m—2 \ (k+2m—g—1)! ktm—
= Th(k) =2 q);l (=1) ( g—1 ) Teane 2m =) s
2m—1 2m—12 k4+2m—q—1 2k-+2m—2
= — —1)4 _ckrom—zq
= T2(k) =2m—1 qgl ( l) ( g—1 ) ( 2m—1 k(k+2m—2q)

_ 2m—1 2m—2 k+2qu—1 1 1
@Tz(k)—Zm—lqgl (_1)(1( g—1 )( m— 1 )<k+k+2m—2q)

2m-2 2m—2 k+2m—q—2 1 1
= =— - —1)¢ 1, 1
Iy(k) = —(2m—1) qEO (=1 ( q > < om— 1 > (k + k+2m72q72)
and substituting g by 2m — g — 2, we obtain:

T (k) ——(2m—1)2nf2(—1>"< qu_2 ) ( 2];1+—q1 > <llc+k+2q—l(2m_2)>

q=0
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Now, applying Lemma 6.3, we obtain:
(k) = —2m.
So T>(x) is a polynomial satisfying 75 (k) = —2m for all k € N—Ny,,_; and we may
conclude T (x) is the constant polynomial 75 (x) = —2m.
Therefore we have:

Ty = —2m(2* {g(21))|i=0 = —2m(log2) + 2mlog(27). (12)

By using the expressions (10), (11) and (12), we obtain:

B 2 m m

T,(RP?m—1) = GXP(%(Tl‘FTZ)):mJl (znm) :2'"*17(1-)7171)!'
HIZq
—

This proves the following Theorem, where we use the volume of RPZ"—1 gee [1]:

Theorem 5.1. The Analytic Torsion of odd dimensional real projective spaces is given
by:

_ " Vol(RP?>"~1)
Ta(RPQm ]): 2m71(m_1)! = 2m71 .

The Analytic Torsion of RP>"~! in relation to a unitary representation of 7r; (RP?"~1)
is obtained in terms of the Analytic Torsion of RP?"—1 calculated above, and the An-
alytic Torsion of $2"~!, calculated in [15, Theorem 4.2], by a similar reasoning to the
one applied on Proposition 3.3. The result is described below:

Theorem 5.2. The Analytic Torsion of RP¥™~1 in relation to a representation

pgcl@...@cl@gz@...@62)
Y N-y

is given by:
Ta(szmil,p) — TQ(RP2m71)277N T, (S2m71)N7y'

6 Appendix

We present in this appendix some results from other references that are necessary for
the study developed in this text. The first of these results was proved on [2, Theo-
rem 5.3] and on [14, Theorem 1.2(ii)] and establishes an identity involving Bernoulli
polynomials B, (x).

Lemma 6.1. For p,q € ZN[0,+) and x+y+z =1, we have:

p . oy q . .
iy § (ot (9 )t
= =
(*)O”*qj“p!q! !
(p+g+1)!
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The second result is a combination of Theorem C and part of Theorem B of [9]
and establishes properties of the zeta function associated to two polynomials P(x) and
QO(x), which is defined for Re(s) sufficiently large by:

o) % P
SsR0) = X G

Lemma 6.2. Given two polynomials P(x) and Q(x) with complex coefficients such that
every root of Q(x) is in C—{x € R | x > 1}, the associated zeta function, {(s;P,Q)
admits meromorphic extension to C and this extension is holomorphic at non-positive
integers.

The third result was proved by Weng and You on [15, Lemma 3].

Lemma 6.3. Let k,m € N. It is valid that:

B (3) (554 o

i(_l)p m k+p m+1 1+ (=1)"
=0 p m+1 ) k+2p—m 2

and

The next three lemmas were proved by the author on [12] and are fundamental
for proving the determinant formula of section 3. Lemma 6.4 corresponds to [12,
Lemma 3.2], Lemma 6.5 corresponds to [12, Lemma 4.1], and Lemma 6.6 combines
the statement of [ 12, Lemma 4.2] and an expression obtained in the proof of this lemma.

Lemma 6.4. Let n € N and m = ["']. For g€ N, and S={(l—q)(n+1—¢q—
) | 1€N,—{q}} wehaveS=S,US,, where:

Si={—k(k+n+1-2q) | 1<k<g-1} and
Sp={-k(k—n—1+42q) | 1 <k<n-—2q}.

Lemma 6.5. For every q € N, and k € NU{0}, defining uj = (1 —q)(2m—q—1) and
u? = (uf)jen,,—{q)» We have:

0 (s _mfl Zem,jfl(uq) 1
q'k( )= j;’) Cm—qg—1(g—1)! (k+¢q)" I (k+2m—q)s—J’

where e,,_j_1(u?) are elementary symmetric polynomials on u?, i. e.

m m—1 )
H (x+ul) = Z em—j—1(u?)x’,
I=1,l#q j=0

and é;k(s) are defined by expression (2) on section 3 of this text.
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Lemma 6.6. Let
2,0 =4"Y et v () m—2q)i
o) =4 L i &\ 2 1 ’

with u? = (uf)jen,,—(q) and u} = (1 —q)(2m —q —1). Then:

2 m
Z,(x) = Gm—g—1g=1)! llzlljl[#q(x+2m—q—l)(x+l—q)
+ ﬁ (x=2m+qg+1)(x—1+q) (13)
1=1,1q
4 m—1

= eszzkfz(wq)xzk
(2m—q—l)!(q—l)!k§6 !

where

= (1-¢4,....,9—¢q,....m—q,2m—q—1,....2m—2gq,...,2m—q—m).

The final lemma was proved by the author on [11, Corollary 2.1] and is used in this
text exclusively on Propositions 3.3 and 5.2 to deal with the case m = 1. For this lemma
we consider an arbitrary n-fold Riemannian covering 7 : M — M and decompose the
space E(A,Af;[) in terms of E*E(A,Ajpw‘ai), where 0;, i € N, are representatives of the
irreducible representations of the group of deck transformations of the covering. On
this lemma we use use P ; to denote the projections of differential forms onto their
coordinates:

P C(APM@CH) — C*(APM); M@ (fi,.- s fi) > fiM.

Lemma 6.7. Let ©: M — M be an n-fold Riemannian covering. For every A € R the
space E(A, Aﬁz) may be decomposed in the form:

E(A,A)) = b P (T E(A,AY )
ie{l,...,r}, je{l,...k;}

Acknowledgement

This research was developed while I, the author, was a Ph.D. stutend at Universidade
Federal de Sao Carlos (UFScar). The advisor of the course, professor L. R. Hartmann
and his advisor M. Spreafico offered me technical support during the research that led
to this article sending me references that were useful during the research.

It is important to mention that this project was developed alongside the reference
[6]. These authors presented me a preliminar/unfinished version of [6] and asked me
to finish it with the level of generality present in this manuscript and [13], but I did
not understand their reasoning by the time, so I decided to restart from zero using a
different approach. During the time this research was developed, professor Hartmann

F. S. Rafael



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.4414

REFERENCES 22

was on Germany, professor Spreafico was on Italy and I was on Brazil, so I was working
independently. When professor Hartmann finished his studies on Germany and came
back to Brazil, he decided to finish and submit [6] with M. Spreafico and allowed me to
submit my text alone. I did not express at any moment during the course that I wanted
to publish my thesis alone, but I stayed very happy with his decision, even though I
recognize they helped me, so I was not really working alone. In retribution to their
help I tried to help them on [6] as much as I could.

Conflicts of interest

Conflicts of Interest: None

References

[1] L. J. Boya, E. Sudarshan, and T. Tilma. Volumes of compact man-
ifolds. Reports on Mathematical Physics, 52(3):401-422, 2003. doi:
https://doi.org/10.1016/S0034-4877(03)80038-1.

[2] W. Y. Chen and L. H. Sun. Extended zeilberger’s algorithm for identities on
bernoulli and euler polynomials. Journal of Number Theory, 129(9):2111-2132,
2009. doi: https://doi.org/10.1016/j.jnt.2009.01.026.

[3] M.-E. Craioveanu, M. Puta, and T. RASSIAS. OId and new aspects in spectral
geometry, volume 534. Springer Science & Business Media, 2013.

[4] P. B. Gilkey. Invariance theory, the heat equation, and the Atiyah-Singer index
theorem. CRC press, 2nd edition, 2018.

[5] P. B. Gilkey, J. V. Leahy, and J. Park. Spectral geometry, Riemannian submer-
sions, and the Gromov-Lawson conjecture, volume 30. CRC Press, 1999.

[6] L. Hartmann and M. Spreafico. Zeta determinant of the laplacian on the real pro-
jective spaces. International Journal of Number Theory, 15(02):373-388, 2019.
doi: https://doi.org/10.1142/S1793042119500192.

[71 A. Ikeda and Y. Taniguchi. Spectra and eigenforms of the laplacian
on sn and pn (c). Osaka J. Math, 15(3):515-546, 1978. URL
https://dlisv03.media.osaka-cu.ac.jp/contents/osakacu/sugaku/
111F0000002-01503-4 . pdf.

[8] K. Kohler. Equivariant reidemeister torsion on symmetric spaces. Mathematische
Annalen, 307(1):57-69, 1997. doi: https://doi.org/10.1007/s002080050022.

[9] K. Matsumoto and L. Weng. Zeta-functions defined by two polynomi-
als. In Number Theoretic Methods, pages 233-262. Springer, 2002. doi:
https://doi.org/10.1007/978-1-4757-3675-5_13.

F. S. Rafael



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.4414

REFERENCES 23

[10] S. Minakshisundaram and Pleijel. Some properties of the eigenfunctions of the
laplace-operator on riemannian manifolds. Canadian Journal of Mathematics, 1
(3):242-256, 1949. doi: https://doi.org/10.4153/CIM-1949-021-5.

[11] F S. Rafael. Riemannian coverings, hodge operator and poincare duality. unfin-
ished, 18 pages.

[12] F. S. Rafael. Regularized determinant of the laplacian on forms over spheres.
Sdo Paulo Journal of Mathematical Sciences, 14(2):539-561, 2020. doi:
https://doi.org/10.1007/s40863-020-00181-5.

[13] F. S. Rafael. Determinants and cheeger-miiller theorem on even dimensional pro-
jective spaces. 2021. doi: https://doi.org/10.1590/SciELOPreprints.2790.

[14] Z.-W. Sun. Combinatorial identities in dual sequences. European Journal of
Combinatorics, 24(6):709-718, 2003.

[15] L. Weng and Y. You. Analytic torsions of spheres. International Journal of Math-
ematics, 7(1):109-126, 1996. doi: https://doi.org/10.1142/S0129167X96000074.

F. S. Rafael



This preprint was submitted under the following conditions:

* The authors declare that they are aware that they are solely responsible for the content of the preprint and
that the deposit in SciELO Preprints does not mean any commitment on the part of SciELO, except its
preservation and dissemination.

* The authors declare that the necessary Terms of Free and Informed Consent of participants or patients in
the research were obtained and are described in the manuscript, when applicable.

* The authors declare that the preparation of the manuscript followed the ethical norms of scientific
communication.

* The authors declare that the data, applications, and other content underlying the manuscript are
referenced.

* The deposited manuscript is in PDF format.

* The authors declare that the research that originated the manuscript followed good ethical practices and
that the necessary approvals from research ethics committees, when applicable, are described in the
manuscript.

* The authors declare that once a manuscript is posted on the SciELO Preprints server, it can only be taken
down on request to the SciELO Preprints server Editorial Secretariat, who will post a retraction notice in its
place.

* The authors agree that the approved manuscript will be made available under a_Creative Commons CC-BY
license.

* The submitting author declares that the contributions of all authors and conflict of interest statement are
included explicitly and in specific sections of the manuscript.

* The authors declare that the manuscript was not deposited and/or previously made available on another
preprint server or published by a journal.

¢ |f the manuscript is being reviewed or being prepared for publishing but not yet published by a journal, the
authors declare that they have received authorization from the journal to make this deposit.

* The submitting author declares that all authors of the manuscript agree with the submission to SciELO
Preprints.



https://creativecommons.org/licenses/by/4.0/
http://www.tcpdf.org

