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Abstract

We establish formulae for the regularized determinant of the Lapla-
cian and twisted Laplacian on forms over even dimensional real projective
spaces and use them to explicitly calculate the analytic torsion of these
spaces with orthogonal and unitary representations of their fundamental
group, obtaining the first example to show that this torsion is non-trivial
for cyclic complexes associated to even dimensional non-orientable mani-
folds. Moreover, as discussed in the introduction, the several proofs of the
Cheeger-Miiller Theorem given throughout years left one specific question
unanswered and we answer this question for this type of space.
MSC2010: 58J52, 57Q10, 11M36. Keywords Cheeger-Miiller Theorem;
Regularized Determinants; Real Projective Spaces

1 Introduction

Let M be a closed Riemannian manifold and let p : 71 (M) — GL(E) be a rep-
resentation of the fundamental group of M, where F is a finite dimensional real
or complex vector space. The spectral zeta function of the twisted Laplacian
Al M, 8 defined in terms of the spectrum of this operator by extending mero-
morphlcally the function defined for Re(s) sufficiently large by the following
formula:
C(s,A%,) = Zdlm (A AL AT, Re(s) >0,
A>0

where E(X\, A4 p) denotes the eigenspace associated to the eigenvalue A.

This functlon was created by Minakshisundaram and Pleijel on [13] and
has several applications, in particular, its derivative at zero provides us with
the important concept of regularized determinant of the Laplacian, det(A‘}VL p),
according to the following expression:

det(A‘]]V[)p) := exp(—¢'(0, A‘}VLP)).

The regularized determinant by itself has several applications, both in Physics
and Mathematics. Some applications of this concept to Physics are discussed
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on [6], where the authors establish a formula for determinants on a specific
class of differential operators, compare it to the already known result for the
determinant on functions over S? (on the last paragraph of subsection 4.5) and
mention some possible applications of their work (on section 7). About appli-
cations in Mathematics, on [21] the author uses determinants of the Laplacian
on spheres to generalize a formula about multiple gamma functions; and on [19]
we have one of the most important applications of regularized determinants to
mathematics, since in this text the authors use the determinant of the twisted
Laplacian to define the analytic torsion T, (M; p) of a closed Riemannian man-
ifold M in relation to an orthogonal representation p of its fundamental group.
The precise definition of T,(M; p) is given by:

To (M, p) = exp (; Z(—l)qQC/(OaA?VI,p)> :

q=0

The definition of analytic torsion was created by Ray and Singer [19] as an
analytic version for Reidemeister torsion (see section 5 for a discussion about
this concept), and these authors conjectured that for odd dimensional orientable
manifolds with orthogonal representation of the fundamental group these tor-
sions were equivalent, what had already been proved for lens spaces on [18]
and for even dimensional orientable manifolds as a consequence of Theorem 2.3
of [19].

It is important to mention that these authors followed Milnor’s definition of
Reidemeister torsion, given on section 8 of [12], but they extended this definition,
since Milnor considered exclusively acyclic complexes, i. e., complexes whose
homology is trivial, and Ray and Singer considered also the cyclic cases. It is
also important to mention that both [12] and [19] considered homology when
dealing with Reidemeister torsion and this was specially relevant on [19], since
these authors needed Poincaré duality to define the bases used for homology
groups in the cyclic case.

On 1978, Werner Miiller [14] published a proof for the conjecture of Ray-
Singer, which is known as the Cheeger-Miiller Theorem, and he considered ex-
clusively orientable manifolds throughout the text. Moreover, he made a slight
change in the problem proposed by Ray and Singer, since he considered the Rei-
demeister torsion of the cohomology complex associated to a manifold rather
than homology. On 1979, Cheeger [5] published an independent proof of the
same problem and also considered cohomology when proving the theorem, even
though his proof does not require orientability.

The Cheeger-Miiller Theorem was studied by Bismut and Zhang on 1992, [1],
who also considered cohomology when dealing with Reidemeister torsion, fol-
lowing [5] and [14], but these authors extended this result to odd dimensional
closed Riemannian manifolds with unimodular representation of the fundamen-
tal group, and constructed an integral formula which describes the relation
between the two torsions on the even dimensional case.

On 1993, [15], Miiller returned to the conjecture proposed by Ray and Singer,
this time using homology to study Reidemeister torsion, and he proved that both
torsions have the same value on odd dimensional manifolds with unimodular rep-
resentation of the fundamental group, what does not happen in general in the
even dimensional case, as examplified on page 732 of the same text, [15]. How-
ever, the approach used by Miiller when dealing with cyclic complexes required
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the use of orientability because to describe the volumes used in the cyclic case,
first paragraph of page 729, the author needed Poincaré duality and there is
no indication of how to replace this concept in the non-orientable setting. This
specific choice of volumes is fundamental for Theorem 2.15 and Corollary 2.16
of [15], which were originally proved by Ray and Singer on [19] for orthogonal
representations and were extended by Miiller [15] to the unimodular case. In
section 3, the core part of the proof of Cheeger-Miiller Theorem, the specific
choice of volumes also plays an important role, specially on page 745.

The Cheeger-Miiller Theorem was studied again on [3], [4] and [10], but these
authors also considered cohomology when dealing with Reidemeister torsion.

In this text we prove that Cheeger-Miiller Theorem is valid for even dimen-
sional real projective spaces in the sense discussed on [15] by explicitly calcu-
lating their analytic and Reidemeister torsions, see Theorem 5.1. To calculate
the analytic torsion we first establish formulae for the regularized determinant
of the Laplacian, Theorem 3.1 and Corollary 3.3, and we use these formulae to
obtain the desired torsion, Theorem 4.2. This reasoning was inspired by [22],
even though these authors did not establish regularized determinant formulae.
To calculate the Reidemeister torsion we first establish homology bases for odd
dimensional projective spaces, which are orientable, and we use these bases as
references for our specific choice in the even dimensional case. It is important
to mention that these torsions are not trivial for RP?™, contrary to what hap-
pens for orientable even dimensional manifolds, as expressed by Proposition 2.9
of [15]. We have no knowledge of any prior reference showing an example of this
fact for even dimensional non-orientable manifolds with cyclic representation of
the fundamental group.

Our study is divided in the following way: section 2 is dedicated to es-
tablishing the notation that will be used throughout the text as well as some
fundamental preliminary results for our determinant formulae, the most impor-
tant ones are the decomposition of the spaces of forms into SO(n + 1)-modules,
Table 2, and the derivative at zero of a specific Dirichlet series, Lemma 2.1.
Section 3 is devoted to establishing the formulae for regularized determinants,
which will be used on section 4 to calculate the analytic torsion of RP?™. On
section 5, the final section, we define the Reidemeister torsion of real chain
complexes and describe how to fix bases for the homology groups of RP?™~1,
following Miiller’s approach to the problem, [15]. We then use these data to
determine the specific bases that would be used to calculate the Reidemeister
torsion of odd dimensional projective spaces and adapt these bases to the even
dimensional case to obtain the Reidemeister torsion of RP?™ in relation to this
particular choice of bases. Since the results obtained on sections 4 and 5 are
equal, we conclude the validity of Cheeger-Miiller Theorem for RP?™ in the
setting discussed in this text.

2 Prerequisites for the formula

The first step for establishing our formula for regularized determinants is to
determine the spectrum and multiplicity of eingenvalues of the Laplacian on
forms over even dimensional real projective spaces. To achieve this objective we
outline part of the study of Tkeda and Taniguchi [9].

In section 6 of [9] the authors define the spaces of harmonic polynomial forms
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on R™"*1 as the sets H}! of a € C°°(R™ ") such that, for A the Laplace operator
on forms over R™*! and &y the formal adjoint of the exterior differential, «
satisfies Aa = 0, dpov = 0 and o = 20<i1<~-<iq<n+1 Oéil,...,iquil A - Adae,
where ¢ € {0,...,n} (¢ = 0 corresponds to functions), £ € NU {0} and ay, ... ;,
are homogeneous polynomials of degree k.

Moreover, they prove in Corolary 6.6 that for i : S — R"™*! the inclusion
map, we have for every ¢ € {0,...,n} that i* : UpsoH! — C(A%(S™)) is
injective and has its image dense in C*°(A9(S™)).

Considering the natural actions A; and Ay of SO(n + 1) on C*°(A4(R"H1))
and on C(A9(S™)), respectively, we see that H} and i*H} are SO(n + 1)-
modules, and moreover, i*A; = Ayi*. So, when we decompose H{! in SO(n+1)-
irreducible modules we are also decomposing i* H}!.

Tkeda and Taniguchi [9] provide us with this decomposition. The resulting
data is summarized on Table 1, that is also present on [17], by using the maximal
weights corresponding to the root system [[ = {+e; £ e;|i # j}, the positive
roots [[, = {ei—ej,e;+ej|i < j} and simple roots {e; —eg,e2—€3,...,€m—1—
€m, €m—1+€m }. On this table we use the notation E(kA; +A,) to represent the
SO(n + 1)-module corresponding to the weight kA; + A4, with the convention
that for 1 < g <m, E(=1A; + A,) = E(—1A1 + A;,)) = E(—1A; + A}) = {0}
is the trivial module. Note that we follow the roots used by Weng and You on
section 2 of [22], which contrast with the corresponding roots adopted on [9].

Table 1: Decomposition of the space of forms into SO(n + 1)-modules on even
dimensional spheres

n=2m
q Hy
g=0 E(kA;)
1<g<m—1 E(kA +Ay) @ E((k—1)A1 + Agq1)
g=m E(kAy +2A,,) @ E((k—1)A1 + 2A,,)
m+1<g<2m—1| E((k—1)A +Ap_yg) ® E(kA + Ap_gt1)

Besides using the results from [9], we also use the theory of [7, section 3.9],
which establishes that if M is a Riemannian manifold whose fundamental group
is cyclic of order [ and (ps)ocs<i are representatives for the irreducible repre-
sentations of m (M), then

E()\, A?@) = @sEeq ()\7 A(11\/[,p5) (1)

where M is the universal covering of M, A(JZ\/[, ps is the twisted Laplacian asso-
ciated to the representation p,, A is any real number and E.q (A, A?\/[’ ps) stands
for the eigenforms of A?\Z associated to A that are equivariant in relation to p.

So, to determine the eigenvalues and dimension of the eigenspaces of Alp,
it is useful to identify among the eigenforms of A%, the ones that are equiv-
ariant in relation to the trivial representation o of m (RP™) in GL(R), since
the twisted Laplacian Afp.,  is essentially Afp,. These equivariant eigenforms
are precisely the pullbackslby the inclusion map i : S® — R"*! of the har-
monic polynomial forms w € C°(AYR™ ) that satisfy w(x) = w(—z) for every
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z € R™. If H} is one space of harmonic polynomial forms, then H}! con-
tains forms with this property if, and only if, ¢+ & is even and in this case every
element of H}! has this property. So, by Table 1 and (1) we obtain the decompo-
sition of C*°(AYRP") into irreducible SO(n + 1)-modules, which is summarized
on Table 2. (The odd dimensional version of this table is present on [16]).

Table 2: Decomposition of the spaces of forms into SO(n + 1)-irreducible mod-
ules on even dimensional projective spaces

n=2m
7 O (ATRP")
g=0 Di~o E(2kAL)
1<g<m—1; qgeven @k‘>0 E(2]€A1 + Aq) D E<<2k‘ + 1)A1 + Aq+1)
1<g<m-—1; qgodd ®k>0 E((2k + l)Al + Aq) D E(QkAl + Aq+1)
a=m Drso EQREAL +Ap) @ E((2k+ 1)A1 4+ Ar)
m+1<qg<2m —1; geven ®k>0 E((2k + 1)A1 + An_q) ©® E(ZkAl + An—q+1)
m+1<qg<2m—1; godd | @pso E(2kA + Ap—g) ® E((2k + 1)A1 + Ay—gt1)
q=2m Do £((2k + 1)Ay)

Now we just need to know the eigenvalue associated to each irreducible
module and the dimension of this space. This subject was studied by Weng and
You [22] when they calculated analytic torsion of spheres and is presented on
Table 3, with the remark that their original work had a misprint that corre-
sponds to the last line of the table when ¢ # m (see the appendix of [17] for a
proof of this statement). We present the correct version of the data.

Table 3: Maximal weights, associated eigenvalues and dimensions of the SO(n+
1)-irreducible modules

n=2m
kAL Kk +n—1) 2k-&;7127lz—1<k+2;n—2>
kA1 + A 2k 4 2m 4 1 k+2m k+q—1
A (k+q)(k+n+1—q) | gf2mal ((Kr2m ) ( ka1

Beyond determining the spectrum and dimension of the eigenspaces of the
Laplacian, we need some technical lemmas to simplify subsequent calculations.
To establish these lemmas we will use the notation, with ¢,j € {1,...,m}:

N={1,2,...}, Np:={1,2,....m}, dj=(G—-qC2m+1-q-7),
d? = (d?)leNm—{q} = (d[{, o ,dg, . 7dgn) S Rmil,
w3 = (I = @Qien,—{qy X 2m +1—q—=1ien,, —{q}>

= (1—q,...,q/—\q,...,m—q,2m—q,...,Qm:—l\—2q7...,m+1—q) e R?m2
(2)
and elementary symmetric polynomials e;(ai,...,ay), which are defined for
complex numbers aq, ..., a, by the expression:
m m
H(w +a;) = Zem,j(al, e Q)T
i=1 j=0
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Lemma 2.1. For j € NU{0}, defining:

4k + 20+ 1
T . p—
Ca,d,](s) kz>0 (2k +1+ d)S*j (Qk + 2a — d)87j ’

with d =0 and o € N; or d =1 and o € N\{1}, we have:

¢, (00 = ) (4k — 200+ 1) log(2k — d)(2k — d)’ (2k — 20 + 1 + d)’
k=1
+ XZ:<< éjl )+ ( j;ll )) (200 — 1 — 2d)% ¢l (—25 + 21 — 1)
(R ED R

><((2 W22 g (2t — 25 + 20)) =0

(=17 (GY)? 2j+2
- 5 (2j+2)!(2a—1—2d) +2,

Proof. For Re(s) > 0:

4k+2a+llog2k‘+1+d (4k + 2+ 1) log(2k + 2 — d
TC(/de'(S) _ 72 ) ( Z ) ( )

(2k+1+d)s=3(2k +2a—d) 2k +1+d)s=3(2k + 20 — d)5—7

k>0 k>0

a—1

B 72 (4k +2a+ 1)log(2k + 1 + d) 72 (4k +2a+ 1)log(2k + 1 + d)
N (2k +1+d)s=9(2k + 200 — d)s—J (2k +1+d)s=9(2k + 200 — d)5—J

B Z (4k — 20+ 1) log(2k — d)
“ (2k =20+ 1+d)*~7(2k —d)>~

B _Z (4k + 2a + 1) log(2k + 1 + d)
N (2k + 14 d)5=3(2k + 200 — d)57

_Z (4k + 2+ 1) log(2k + 1 + d) ! 20 —1—2d\
(2k + 1+ d)2=2 2k +1+d

B (4k — 20 + 1) log(2k — d) (1_2a—1—2d>8ﬂ

(2k — d)?s—2 2k —d

k>a
and using 220;;11:_2(1‘1’ <1, %) < 1 for k > o« and the Binomial Theorem
we have:

a—1
t o (4k +2a+ 1)log(2k + 1+ d)
Ca,d,j(s) = - Z s— s—j

(2k+1+d) I(2k 4 200 — d)5—3

_Z(4k+2a+1)10g(2k+1+d)Z 547\ [20—1-2d\'
2k +14d)?s—% l l 2k+1+d

72(4k—2a+1)log(2k—d)z —s+7 \ [ 2a—1-2d\'
(2k — d)25—2i l 2% —d

l
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a—1
(4k +2a+ 1)log(2k + 1 + d) —s+7 .
- 20 —1—2d
z% 2%k + 1+ d)s=3 (2k + 20 — d)>=3 zl: l (20 )

Z 22k +1+d)+ (2a—1—2d))log(2k + 1+ d)
= (2k + 14 d)2s—27+

a—1

(4k + 2a+ 1) log(2k + 1 + d) -5+ .
(2k + 1+ d)2s-—27+ El: ! (=(2a —1-2d))

X

k=0

d) — 2a —1—2d))log(2k — d)

2(2k —
x Z (2k — d)2s—2i+1
k>1

MQ

(4k — 20+ 1) log(2k — d)
2k d 2s—275+1

k=1

S (4k+2a+ 1) log(2k + 1+ d) Y —s5+j
2k +1+d)*J(2k+2a—d) !

M

k=0

. 1
[ a—1-2d) (2—25+2J—l+1<H( s—2j+1—1, ;rd)>
L 14+d
+520—1- 2d)+1 <2 A2l ey (25 — 25 + 1, JQF ))
l —2s5+25—1+1 - 2-d '
+(—(2a —1—2d))" (2 (25 = 2j 11, =)

+%(—(2a —1—2d))""! (22S+2fl< (28 — 25 + 1, 2d)>

a—1
4k+2a+1)log(2k+1+d)
—1-2q)!
— (4k — 20+ 1) log(2k — d)
+(—(2a — 1 —2d)) Z @F a3
k=1

M

S 4k + 20+ 1) log(2k + 1+ d) Z<_S+j)w(adjl)

= (2k+1+d) I (2k+ 20 —d)*~T & l

=2 (4k + 2+ 1) log(2k + 1 + d)

7S+j
+zl:< ! ) —1-2d) 2} (2k + 1 4 d)2s—2+
2 (4k — 20 + 1) log(2k — d)
+(— (20 — 1 — 2d)) Z ok d)2o-2it] ] 3)

where in the last expression we are defining w(a,d, j,1).
To proceed with our study we need to analyse the behaviour of 3 ( 7sl+ J ) .
1

w(a,d, j,1) as s tends to zero. This analysis will be divided in two parts, the
first one considering the sum for [ > j 4+ 1 and the second one considering it for

0<1<j.
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The Hurwitz zeta function (g(s,A); A € (0,1] has a simple pole with
residuum 1 in s = 1 and is holomorphic in C\ {1}. So the functions
(2727 (25— 2j 411, 439)) and (272 F G (25 - 2j + - 1, 254 )
have poles of order 2 in s = j — £ + 1 and are holomorphic in C\ {j — £ + 1}.
Their poles happen in s = 0 if, and only if, [ = 2j + 2. The functions
(272542071 (25 — 25+ 1, 122)) and (2725120 ZCH(QS—QJ +l 2-4))" have poles
of order 2 in s = j — L + 1 and are holomorphic in C\ {j — £ + 1}. Their poles
happen in s = 0 if, and only if, | =25 + 1.

The power series expansions of (27"Cp (x, £5%))" and (27%Cy(z, 254))’ for
x:23—2j+l—1orx:2s—2j+landforstendingtoo when 0 is a pole
are given by:

. st 1+d 1 log 2
_ 2s42j—1+1 _ _ __ 1
l=2j+2, (2 Cu(2s—2j+1—1, 5 )) 12 o+ ao + O(s),
; 2—d.\’ 1 log2
— 94 —2s+25—1+1 9 _ = - =
1=2j+2, (2 C(2s=2j +1—1,= )) 12~ 5. T+ 00s),
. _ . 14+d 1 log 2
_ 2s54+25—1 o - - -
l=2j+41, (2 Cu(2s —2j+1, 5 )> 152 9s o+ O(s),
, 2—d.\’ 1 log2
— 94 —2s42j5—1 9. a4 v __ - 54
l=25+1, (2 Cu(2s —2j +1, 5 )> 152 9 +do + O(s),
so for s next to zero:
> ( o )w<a7d7.¢,1)
1Z2j+1
— 1 —s+7J 2j+2 1 10g2
= 3] e (- v o
1/ —s+j 2j+2 1 log 2
w oy ) ceam -2 (L - M2 o)
-5+ 1 _onzit2 (1 log2
* <2j+2>(2a 1-2d) ( 2 25 a0 tOl)
—=5+7 \( (o0 1 o421 log2
+ ( % +2 )( (20— 1 — 2d)) ( 152 5s +bo + O(s)
_ s+ —s+j+1 o221 1
= <( 9 +2 )—i—( 2 +2 ))(204 1—2d) 482—1-0(5 )
_ <(s+j)...(sj1) (s+j+1)...(sj)>
(2 + 2)! (2j +2)!
x (200 — 1 — 2d)2 72 (— 4 — +0(s™)
(s—74)...(s+7+1) (s—j3—1)...(s+7) 2 1 _
= 200 — 1 — 2d)% 2 (—— !
() e - g )
(s—7)...s...(s+i)(s+j+14+s—5-1) Y _
= 200 — 1 — 2d)%+2(——— !
( e (20~ 1= 20 (= 15+ 0(s7)
B 1(s—=j)...(s=D(s+1)...(s+37) 242
= -3 7 12 (20— 1 —2d) +O(s).

In the cases where [ € {0,...,j} we just need to apply the expression that
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defines (

—s+]

> ~w(a,d, j,1) at s = 0. By using

. d 2-d ’
(22t+2321+1 (( (2t —2j +20 -1, i)+<H(2t—2j+2l 2))) lt=0

and

(2—2t+2j—21(gH(2t —2j + 21,

2
=205 (~2j + 21— 1)

1+d . 2—d. .\
T) — Cr(2t — 25 + 2, 2))) li=o

= (=127 1) Cp(2t — 25 + 21)) [1—0,

we obtain the following simplified expression for (3):

TC;,d,j(S)

a—1

Z‘: (4k + 20+ 1) log(2k + 1 + d)
< 2k +1+d) 7 (2k+ 20— d)

2; {2 ( le > (20 — 1 —2d)*' (=25 + 20 — 1)

j > (20 — 1 = 2d)*' ¢ (=27 + 21 — 1)

) (a1 = 20 () (A (ot~ 25 4 20) o
| ) (2 1 2P ) (ot — 2 20) o)
5 <4’“”g,:i?ig;§’” SOy (1) (5
Z (4k — 2(2; l)dl)og(Qk: d) 3 ( g > (_2042—]{ 1—d2d)l

k l
(=Dt (Ggh)?
2 (25 +2)

(20 — 1 — 2d)%7+2

> (4k — 200+ 1) log(2k — d)(2k — d)’ (2k — 20+ 1 + d)’

H(( 2jz >+ ( j;zl )) (200 — 1 — 2d)*(y(—25 + 21 — 1)

1 . 1 N 1

X((2_2t+2j—21+1 — I)CR(Qt — 2] + 21)),|t:0

(=17 (41)?
2 (25+2)

-]

(20 — 1 — 2d)%7+2

and this concludes the lemma. O
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Lemma 2.2.

m—1

Zi(x) =

7=0

we have:

Zy(x) =

Proof. Since

>

. 1 .
= fx(x2+(2m+1—2q)a:)j—Em(xQ—(Qm—l—l—Qq)x)J
and
J+1 o201 221 _ J+1 o N2+ j+1-20—1

XZ:<QZ+1) 2m+4+1-2¢)" " x zl: N+ 1 (2m+4+1-2¢)" " x

1 , )
= 5@+ @m41-29) " = (z - 2m+1-29) ")

1 | ,
= 5(:10—1—(27)1—1—1—2(]))(5524-(2m—|—1—2q)m)3—|—5(—3:—1—(2m—§-1—2q))(x2—(2m—|—1—2q):v)37
we have:

" 204+ 2m+1 —2¢q .

Zg(@) = 2(2m — q)!(q — 1)! Zemﬂ 1(@) (@ + (2m + 1= 29))’
—2r +2m+1—2q <
m— d? — (2 1-2
2@ — gl =1 Ze j-1(d)(@® = 2m+1 - 2q)z)’
and using
m—1 m
em—j—1(d)(@® + 2m+1-2¢)x) = ] (@+2m+1-q—j)(z+j—q),
Jj=0 J=1,j#q
m—1 m
em—j—1(d?)(z® — 2m+1—2¢)x H (x=2m—-14+q+j)(z—j+q),
Jj=0 J=1,j#q
we obtain:
20 +2m+1-2¢ 4 i
zZr = 2 1-— —
. () 2(2m—q)!(q—1)!,H (x +2m+ q—17) H (x4+7—q)
Jj=1,j#q j=1,j#q
—2r4+2m+1-2¢ 15 "
Il @-@Cmn+1-q-4) [] @-G-a),
2(2m — q)!(g — 1)!
J=1,j#q J=1,j#q

1 . .
§x]+1((a@ + (2m+1—2q))’

Defining
em—j—1(d?) j+1 241, 2521
@m—q)l(g—1) |Z w1 )t 2 )) =20 e,
m—1

> ((2m +1 = 2q)eam—ok—2(wd) + 2e2m—ok—1(wl))z?*

k=0
(2m —q)l(q — 1)!

J

2+1 ) (2m +1 - 29278 = 7 Z < 20+1 ) (2m + 1 — 2)" a2

—(z—(2m +1—2¢))7)
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and therefore:

N 2x+2m+1—2q
Zy(x) = ZeZm o—2(w§)a?

2z +2m+1—2¢q ok—1
+ 2(2m—q q—l Zezm 2k— 1U12)

-2 +2m+1—2q g 9%k
+ Com—2k—2(W3)T
2(2m — ¢)l(g — 1)! kzo " 2

—2z+2m+1-2¢ < oh—1
22m — g —1)! ZeQm ok—1(wg)x

m—1
> ((2m +1 = 2q)eam—2k—2(wd) + 2€2m—ok—1(wd))z?*
_ k=0
(2m —g)!(¢ — 1)! ’
with the convention eg,,_1(wd) = 0. O

We also need some lemmas which were proved by the author on [17]. We
state these lemmas to introduce the associated notation.

Lemma 2.3 (Lemma 3.2 of [17]). Let n € N and let m be the largest integer
less than or equal to . For ¢ € Ny, and S={(j —q)(n+1—q—j) | j€
—{q}} we have S = 51 U Sy, where:

S ={-k(k+n+1-2q) | 1<k<qg—1},
={-k(k—n—-1+2¢) | 1<k<n-—2q}.
Lemma 2.4 (Lemma 4.3 of [17]). For every ¢ € Ny, and k € NU {0}, let:

§uls) = dimE(kA)e3,, 5
ar(s) = dimE(kA; + Aq)c,:ilJrAq, ke Nu{o0},
where cp denotes the eigenvalue associated to the mazximal weight A. We have:
m—1

e ( ) Z_ €m_j_1(dq) 2k+2m+ 1
S) = n
a0k — (2m —q)!(q— 1! (k+q)* I (k+2m+1—q)*~J

Lemma 2.5 (Lemma 4.4 of [17]). Let

m—1
em—j—1(d?) Jj+1 o N2l 22042
2y o q1,§:(( ) ( : ))(%n+1 2g)2la -2+,

j=0 >0
then:
m—1 m—2
43 eomop_o(whx? T2 4+ 2(2m +1—2q) > eam_or_3(wd)x?*+2
k=0 k=0
Zy(z) =

(2m —q)l(q —1)!
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3 Determinant of the Laplacian on even dimen-
sional real projective spaces

We proceed now with the construction of our determinant formulae. To obtain
our formulae we will use the auxiliary functions &7 ; (s) defined on Lemma 2.4.
These functions are the same auxiliary functions defined in section 3.2 of [17]
to calculate the regularized determinants of spheres. By using them and the
decomposition of C*°(AYRP?™) into SO(2m + 1)-irreducible modules given by
Table 2 we may describe the spectral zeta functions of RP?™ in the following
way:

¢

(s, szm) = > 58,%(8) = ff,2k+1(5)
k>1 k>0
(s Azpan) = 2 &Gon(8) + & oppn(5); 1<a<m—1, geven
k>0
(s, Agpanm) = kgo Eqon1(8) H &1 ok(s); 1< g<m—1, gqodd
(s, RPZm) = > an,k(s)
k>0
(8, Agpon) = 3 & gokr1(8) T &5m gr1ak(s)i m+1<g<2m—1, geven
k>0
C(s,Afpom) = kz>:0 Eom—q2k(8) + &5 g1 2k41(8); m+1<g<2m—1, qodd
(s, Afpem)

= > 58,2k+1(5) = > gizk(s)
E>0 E>0
(6)

So, to determine the derivatives at zero of the spectral zeta functions we
just need to determine the derivatives at zero of the functions » &7, (s) and
k>

> f§,2k+1(5) for ¢ € Ny,
E>0

If g e N, and ¢ € {0,1} satisfy ¢ = 2a + b with b € {0,1} and b+ ¢ = 1,
then by Lemma 2.4:

Z Coobro(s) =

k>0

3
L

em] ]_dq Z 4k+2¢+2m+1
— (2m — q)!( qfl' 2k+od+q)*92k+d+2m+1—q)sJ

M1 1M

ECm—j— 1dq Z 4k‘—|—2m—|—3—2q
(2k +

= (2m — q)( qfl' 1579 (2k + 2m + 2 — 2q)%—
e em—;—1(d?) azjl 4k +2m+3 —2¢g
]O(meq qfl' 2k +1)577(2k +2m + 2 — 2q)°—

Since 0 < k < a—1implies 1 < 2k + 1 < ¢ — 1 we may apply part Sy of
Lemma 2.3 to obtain:

a—1m—1

SN emoj1(d)(2k+ 1) (2k +2m +2 - 2¢)) =0

k=0 j=0

and then simplify the expression of > £, ,(s) to:
k>0

m—1

em—j—1(d?) 4k +2m+ 3 —2q
];)fq,%—m j;o q_llz 2k +1)579(2k 4+ 2m + 2 — 2q)*~
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Therefore, by Lemma 2.1 with « = m+ 1 — g and d = 0 we obtain:

/

. m—1 Gm_j—l(dq)
kgogq,%w(s) ls=0 = ; (2m —q)!(qg — 1)!

m—1—q
X [ > (4k — 2m + 3+ 2q) log(2k + 2)(2k + 2) (2k — 2m + 1 + 2q)?
k=0

i ((2]1) (j;zl))(2m+1—2q)2%(—2j+2l—1)

32 (( 241 ) ( i )) (2m + 1 - 2g)°F1 (272427240 _1)¢p(2t — 25+ 20)) o
G VD,
2 (2] +2)!

If g € N, and ¢ € {0, 1} satisty ¢ = 2a+b with b € {0,1} and b+ ¢ € {0, 2},
then by Lemma 2.4:

Z 5;,2k+¢(5) =

k>0

(2m+1— 2q)2j+2] .

m—1

€mJ 1dq z 4k+2¢+2m+1
(2m —q)!(qg — 1)! 2k+0+q)*T2k+d+2m+1—q)57

HoPﬂ

B em—j—1(d?) Z 4k +2m+5—2q
(2m—q (¢g—1)! (2k +2)577(2k +2m + 3 — 2q)—

Sm
(!

B Cm—j— 1(dq) a-ii:—2 4k +2m+5—2q
2k +2)

— (2m —q)!(q - 1)! 5712k +2m + 3 — 2¢)5—7

u

and since 0 < k < a+ ¢ — 2 implies 0 < 2k + ¢ < ¢ — 1 we may apply part S;
of Lemma 2.3 to obtain:

”‘Zl Em—j— 1d‘1) ‘“%‘2 4k +2m+5— 2 .

= (2m —q)!(qg—1)! poars (2k +2)5=7(2k +2m + 3 — 2¢)5~J
and then simplify the expression of »° &% 5., ,(s) to:

E>0
m—1
em 1(d?) 4k +2m+5—2q

Z§q2k+¢ Z 2m—i] q—l'z (2k +2)573(2k 4+ 2m + 3 — 2q)5~
k>0 3=0 k>0

Therefore, an application of Lemma 2.1 with « = m + 2 — g and d = 1 yields:

/
m—1

m—j—1(d?
Z a.2k40(5) Z 2; — z] lq )1)

k>0 Jj=

m—q
X [Z (4k — 2m + 1 + 2¢) log(2k + 1)(2k + 1)7(2k — 2m + 2q)7
k=0

() (3 mes-arcmons
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+= Z (( 2041 ) + ( 51111 )) 2m+1-— 2q)21+1((2—2t+2j—2l+1 —1)Cr(2t — 25 + 2l))/|t:0

T

R ECTED)]

(2m+1-2 )2j+2] .

/
It is possible to simplify the expression of (Z 557%4_@5(8)) |s=0. Defining:
k>0

m—1 m—q
e 1dq)

74 = m=J (4k — 2m + 1 + 2q) log(2k + 1)(2k + 1)7 (2k — 2m + 2
! J;meq qfl',;)k m + 1+ 2q) log(2k + 1)(2k + 1) (2k — 2m + 2¢)’
;R e a(dy) K

zi' = > g Z (4k — 2m + 3 + 2¢) log(2k + 2)(2k + 2)7 (2k — 2m + 1 + 2q)’

= — (2m —¢)!(¢—1)!

m—1

Cm— 1dq j+1 .

Z1 = J 2 1—29)% ¢ (=25 +20—1

m—1

1 Cm— 1dq j+1
q _ - Jj— _ 20+1
SRR q_wz« ><>>

(272222141 _ 1) ¢R(2t — 25 4 21))|1—0

m—1 ; .

_jo1(d?) (=1 (512 j

79 em—j—1( 9 1 — 9g)20+2

4 ;(Qm—q)!(q—l)! 2 @ Fmlm 207

we have for b+ ¢ € {0,2}:

D € onis(8) | lemo = 27 + 23 + 23 + Z1, (7)
k>0

and for b+ ¢ = 1:

/

Z§§,2k+¢(5) om0 = Z{ + 7§ — 7§ + Z{. (8)
k>0

The following reasoning will simplify the expressions of Z{ and Z} g

m—1 m
Vr € Nom—og+1 ¢ Z Em—j— 1(dq)r] (r—2m— 1+2q H (r— 2m71+2q)+d;1-)
j=0 Jj=1.j#q

and this product is equal to zero for r € Ny, 9, by part Sy of Lemma 2.3, and

m
equal to ] dg for r = 2m + 1 — 2q. Therefore:
Jj=1,j#q
2m+1—2¢)log(2m+1-2q9) 11 .. .
AR ( J—a)2m+1-q—]
' (2m —q)!(g — 1)! j_g¢q( ) )

log(2m +1—-2 1 q-1
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and
z¥ =o.

About Z, we may substitute (%(—2j + 20 — 1) by x2=2+2 apply Lemma
2.5 and substitute back 2252 by (% (—2k — 1) to obtain:

m—1
> (2e2m—2—2(w3) + (2m + 1 — 2¢)e2p—25—3(w3)) (R (—2k — 1)

Zq _ k=0 ,
? (2m — @)!(q — 1)!

with the convention e_;(wd) = 0.
About Z{, substituting

(27242072 _1)¢p(2t — 25 + 21)) |10 by 22772,

we obtain the polynomial

m—1
(N em—j—1(d?) J+1 o 2041 221
7= it 3 (ah )+ (353)) et s
J

which was studied on Lemma 2.2 and satisfies:

m—1

> ((2m+1 = 2q)eam—ok—2(wd) + 2€2m—ok—1(wi))z?*
Zi(z) = £ ,
(2m —q)!(q — 1)!
Therefore, substituting back 222¥ by ((272(F2F+1 — 1)(x(2t — 2k))/|;=0, we
have:
m—1
> ((2m+ 1 = 2q)eaman2(wh) + 2e2m 2k1(wd)) (272521 —1)¢a(2t — 2k)) |i=o
Zg _ k=0

2(2m — q)l(q — 1)!
and using the values of (g(—27); » € NU {0} to produce the equalities

(272 = 1)Cr(21)) |1=0 2log 2 + 2¢5(0),
VkeN:  ((272F20HL _1)(g(2t — 2k)) im0 = 2(2%F+L —1)¢kL(—2k),
(9)

we obtain the following simplified expression for Z3:

mz: (2m + 1 — 2q)eam—ok—2(wd) + 2e2m—2k—1 (wd)) (22K — 1) (—2k)

= (2m —q)!(g —1)!

+(=1)7log2

By using (6), (7), (8), Theorem 4.2 of [17] and the simplified expressions
for Z¢, 7%, Z3 and ZJ we obtain the derivatives at zero of the espectral zeta
functions of ARPM, and consequently, the determinants of the Laplacian on
forms over even dimensional projective spaces.
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Theorem 3.1. The derivatives at zero of the spectral zeta functions of the real
even dimensional projective spaces are given by:

1
(0, A%p2m) = =C'(0,A%m) + 5 log(2m — 1) +log2

N | =

3

((2m — 1)eam—26—2(w3) + 2e2m—2k—1(w3))
(2m —1)!

2" = 1)¢h(—2k),

Jr
™

1 (=1)¢ 2m —1—2q
(0, A4 = =('(0,A%,, !
C (O, ]RP27") 2< (O, SZm) + 2 Og <2m + 1 _ 2(1
m—1
2m + 1 — 2q)eam—2k—2(wl) + 2eam—ok—1(wl ,
n (« Q) (22m2—k ;l(( 22 5 2m—2k—1( 2))(22k+1_1)CR(_2k)
P q)\q :
+ 5 [((2m — 1 —2q)eam—ar—2(wi") + 2eam 21 (w§))
— 2m —q—1)lg!
x (@M —1)Cr(=2k)] s 1< g <m -1,
m 1 m
CI(07 A]RPQ"L) = §Cl(0, ASZ"L)7
1 _ (-1)¢ —2m—1+2¢q
'(0, Al = =¢(0,A270.) — 1
C( ’ ]RPQ"L) QC( ’ g2m ) 2 Og _2m+ 1 + 2q
m—1 _ 2m—q 2m—q
_ [(( 2m+1+ 2Q)€2m—2'k;2(w_2 - )11: 2eam—2k—1(wy" ")) (221 1) x Ch(—2k)
Pt q'(2m —q—1)!
_7WT«2m1M®%w%JW?”“H2m%%aw?ﬂ“D
Pt (¢ —1D!2m —q)!

X

@ = D)Cr(=20)]; m+1<g<2m -1,

1
0, A% 2m) = =C'(0,A%m) — 5 log(2m — 1) — log?2

N =

3

((2m — Dezm—or—2(w3) + 2eam—2k—1(w3)) , 2641 '

™
Il
<}

where wi is defined by (2) and we adopt the convention e_1(wd) = egpm_1(wd) =
0.

An interesting corollary of this theorem is the relation between the deriva-
tives at zero of the spectral zeta functions of even dimensional spheres and
projective spaces.

Corollary 3.2. For m € N and p € N,, U {0}, the derivatives at zero of the
spectral zeta functions of the Laplacian on forms over spheres and projective
spaces satisfy the following property:

¢(0,A%.F) = ¢'(0,Agpah) + C(0, AZS) = ¢'(0, ALY,

Proof. This result follows from direct comparison of Theorem 3.1 above and
Theorem 4.2 of [17]. O

We may also use Theorem 3.1 to calculate the regularized determinants
of the twisted Laplacians det Afp . for orthogonal or unitary representations

p:m (RP?™) — GL(E).
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Corollary 3.3. Let p : w1 (RP?™) — GL(E) be an orthogonal or unitary repre-
sentation of 1 (RP?™) and let

pgo—l@...@gl@UQ@...@UQ.

P N—p
be a decomposition of p into irreducible representations, where o1 is the triv-
ial irreducible representation. The determinant of A%Pgmp, qg € {0,...,2m}
satisfies:
_N _
det Alpe, = (et Alpa, )™ - (det ALy, )" "

Proof. By the decomposition of p into irreducible representations we have:

det Agpon , = (det Agpam o, ) (det A%sz ) v ,

because given two equivalent representations py : 71 (M) — E and ps : 1 (M) —
E we have det A}, ~=det Aj, forevery g € {0,...,dim M}.

Since det A2 = det AZ and

RP2m o1 RP2m

VA€ [0,400), E(\AL,)=EQ\AL ) ® E()\, AL

P2m oq P2m70'2)

-1
= det Alpa, ,, = (det ALy, - (det AL, )
the result follows. O

Note that our formulae for determinants generalize the previous formula on
even dimensional projective spaces, see [8], since that formula could only be
applied to A]%sz. For a similar formula in the odd dimensional case see [16].

4 Analytic torsion

By using the definition of analytic torsion and Theorem 3.1, we are able to
calculate the analytic torsion of even dimensional projective spaces. For Ry =

(22K — 1) (R (—2k) -

2m
2log(T.(RP*™)) = > (=1)9q¢ (0, A parn)
q=0
m—1
—1)¢ 2m —1—2q
[ (0. Afen) + 1Og(2m+12q>
q= 1
N L (2m+ 1 — 2)eam—op—2(wd) + 2em ok 1(“’3))Rk
= (2m —q)!(q — 1)!
i (2m — 1 — 2q)eam—ok—2(wi™ )+262m ok—1(wg g+t )
+ ' Ry,
P (2m —q—1)lq!
1
b CDmm | 300.A%.)]
b3 oy Az - E g (2mo L+
= S 2 B\ Tamt1+2g
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O (=2m 14 2g)eam ok a (Wi )+2627n—2k—1(w§m_q))Rk
—1)! ’
pars q'(2m —q—1)!
O (22m = 1 2g) e apa (w5 4 260 a1 (w5 q+1>)Rk
= (¢ — 1)-(2m*Q)-
1
+ (=1)*™(2m) {QC (0, A%3) — 3 log(2m — 1) — log 2
R ((2m — Deamni—2(wh) + 2ezm—a—1 (w3))
— Z Ry
(2m —1)!
=0
So, defining:
2m 1
Tl (71)qq |:2</(0 Aszm):| )
q=0
mlq 2m —1—2¢q 2"qu —2m — 1+ 2q
T, = K| Tog (2" -T2 ylog(2m — 1
2 2[Og<2m+1—2q>} 2 2[Og<—2m+1+2q>} mlog(2m — 1),
g=1 g=m+1
T, — plnts 1) lm L ((2m 41— 2¢)eam_oi—2(wd) + 2€2m—2k—1(wg))Rk
= — )l (g—1)!
qzl = (2m —q)!(g — 1)!
N iy ((2m — 1 —2q)eam—ok— 2(w2 ) + 2€2m72k71(wg+1))Rk
= (2m —q—1)lg!
+ ! (_1)q _ mz (( 2m+ 1+ 2(])€2m 2k— 2(w§ ) + 2€2m—2k—1(w§m_q))
1 q'(2m —q—1)!
g=m+1 k=0
_ mz_l ((=2m — 1 4 2q)eam—ok— 2(w§m qH) + 2egm—o2k—1(w 5’” qH))Rk
P (¢ —1!(2m —q)!
m—1
2m —1 2
- 2m) |- ((2m — 1)eam ok —2(w3) + 2€2m ok — 1(U12))R’C “log2| |
(2m —1)!
k=0
we obtain:
2log T, (RP*™) = Ty + Ty + T, (10)

where, by Theorem 2.3 of [19] and the definition of analytic torsion we obtain
for T:

Ty = log(T.(S*™)) = 0. (11)

About T3, it’s expression may be simplified to:

m—1
1 1
T, = ; q [2 log(2m — 1 —2q) — 3 log(2m +1 — QQ)} —mlog(2m — 1)
2m—1 1 1
+ q [—2 log(—2m — 1+ 2q) + 3 log(—2m + 1+ 2q)]
g=m-+1

F.S.Rafael



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.2790

4 ANALYTIC TORSION 19
m—1 1 2m—1 1
= Z [— log(2m + 1 — 2q)] + Z [— log(—2m — 1+ 2q)]
2 2
q=1 qg=m-+1
2m —

10g(2m —1) —mlog(2m — 1)

2
11
= Z [—21og 2m+1—2q]+

m—1

{— log(2m — 1 — 2q)} - %log(Zm -1)

q=1 q=1
m—1
= log(2m + 1 — 2q) = Zlog 2g —1). (12)
q=1

And about T3, using the notation of the previous section, we have

m—1 2m—1
Ty =3 (-1)% [ 2§+ 247+ > (~1)iq -2 = 23 —am 2],
g=1 g=m+1

and thus, substituting (27204281 — 1)¢p(2t — 2k))" |s= by 222, as we did in
the previous section, we obtain

m—1

Ty(x) = > (=1)%[Z;(x) + Zg i ()]
q=1
2m—1

Y (N[~ 25y (@) — Z3p_gia(@)] — 2m (2] (2)]
= (=1 [Z5(2) + Zg 41 ()] + (=1)*™(2m) [ Z] (2)]

+ (=1)*71(2m — q) [~ Z5(x) = Z;4 (2)]

q=1
so, by (4)
- —1
(2m — 1)Ts(x Zl < i1 )(2x+2m+1—2q)
q:
m
H z+2m+1—q—j)(z+7—q)
J=1j#q
= ~1
+ Z < g—1 >(—2x+2m+1—2q)
q=1
X H (x—2m—1+q+j)(z—j+q).
Jj=1,j#q

Defining p = 2m + 1 — ¢, we obtain that for ¢ varying in {1,...,m}, p varies in
{m+1,...,2m} and moreover:

VjieNn—{q}: x—2m—1+q+j=24+j—p and z—j+q=x+2m+1—p—j,
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so that:

(2m — 1)!T3(x)

i(_nq( 2m =1 >(2x—|—2m—|—1—2q)

q=1 ¢-1
< ] @+2m+1-qg-s)z+i-q
i=1.j#q
o 2m — 1
_1)2m+1-p o Dy — —
+ Y (-1 <2m_p)( 2z — 2m — 1+ 2p)
p=m-+1
X H (x+j—p)z+2m+1—p—j).

j=1,j#2m+1-p

Observe that if x is a natural number, x = k:

VgeN,,: I k+2m+1—g-i)k+j—0
J=1,j#q
(k+2m—q)...(k+m+1—q)(k+m—q)...(k+1—q)

(k+2m + 1 — 2q) k

 (k+2m—q)! 1
B (k—q)! k(k+2m+1—2q)
and for every p € {m +1,...,2m}, we have the equalities:
2m -1\ ([ 2m -1
2m—p ) p—1 ’

) L~ (k+2m —p)! ( 1 >
k+j—p)k+2m+1—-p—j)= .
j_lngwfp i) PeNE T R am 1 %)

Therefore (2m — 1)!T5(k) may be expressed as:

2m — )ITs(k) = zm:(_nq( (2k + 2m + 1 — 2q)
q=1

1
><l<:(l<:—|—2m—|—1—2q)
2m q 2m —1 (k+2mf )'
=Tilk) = > (1) ( g1 )(k—q)'(?ﬂz)'

qg=1
k k4+2m+1-2q
k(k+2m+1—-2q) k(k+2m+1-—2q)

2m — 1 > (k +2m — q)!
qg—1 (k—q)!

-2m

= Ty(k) = 2m§<1>q ( 1 ) < ! >

1 1
x(k+2m+1—2q+k‘)
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STk = _2m2§1(_1)q( qu—l > ( k+27;LT;1—q >

k+2m—1-2¢ &k

and defining r := 2m — 1 — ¢, what implies ¢ = 2m — 1 — r , we obtain:

T3(k) = 2m2§1(_1)r < Zmr_ ! ) ( k;r;: ) (k +2r 71(2m -1) - 716) '

r=0

Now, applying Lemma 3.3 of [22], we obtain:

Tg(k) = —2m.
Hence T5(z) is a polynomial that satisfies T5(k) = —2m for every k € N,
and we conclude T5(x) is the constant polynomial T3(z) = —2m.

Therefore, substituting back 222% by ((272F2+ 1 — 1)(p(2t — Qk))/ lt=0 we
obtain for T3 :

Ts = —m((27**" = 1)Cr(21)) |i=0 = —2mlog 2 + mlog(2r). (13)
Expressions (10), (11), (12) and (13) imply that:
V@m)™ w2 y/ml
T,(RP2™) = exp (;(T1 + Ty +T3)) = L (22) =T > ”;,
m m)!
[1 (1)
q:

what proves the following Theorem (see [2] for the volume of RP2™):

Theorem 4.1. The analytic torsion of even dimensional projective spaces is
given by:
vol(RP2m)
2m ’

By using Theorem 4.1 and the same reasoning of Corollary 3.3 we obtain:

T, (RP?™) =

Theorem 4.2. The analytic torsion of RP?™ in relation to the representation

p:al@...@al@a2@...@027

p N—p

where o1 and oo are respectively the trivial and non-trivial irreducible represen-
tations, is given by:

Ta (RPQm7 p) — TG(RP2m)2p_N . Ta(SZm)N_p.

5 Reidemeister torsion and Cheeger-Miiller The-
orem
In this section we study Reidemeister torsion on even dimensional real projective

spaces. For aesthetic purposes we chose to work exclusively with real represen-
tations of 71 (RP?™), but all the discussion made in this section is also valid for
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unitary representations of this group, with the same reasoning. Since even di-
mensional real projective spaces are non-orientable we use their odd-dimensional
versions to obtain the important data required to develop our study. Through-
out the section n will denote an arbitrary element of N\ {1} and we will specialize
to the odd or even dimensional cases when necessary. Moreover, we will follow
the treatment and notation used by Miiller on [15] whenever it is convenient and
in particular, given a vector space E of dimension r, we will use the notations
det E := A"(E) and E~! := E*, with the convention that det{0} ~ R.
Let

On—1

c: 00,80, , B Ao, =0

be a chain complex of finite dimensional real vector spaces and denote by
Z4(C) the kernel of 9;, by By(C) the image of 0441 and by H,(C) the quo-
tient Z4(C)/B4(C). We define the determinant line of the complex C, det C:

det(C) 1= ®@4_q(det Cc)n",

and also the set
det H,(C) := @1_y(det Hy(C)) 1",

For each g € {1,...,n}, let b, := dim B;_1(C) and choose elements §, €
Ab4(C,) such that 9,6, # 0. By convention, with the intention of simplifying
expression 1.3 of [15], we also set 6y := 1 =: 96,,41. For each ¢ € {0,...,n}, let
hq := dim H,(C) and choose elements 0 # y, € det H,(C) and v, € A" (ker d,)
such that m(vg) = pg, where 7 : Z, (V') — Hy(V) is the canonical projection.

Within this framework, 06,41 A0y Ai(1g) is a nonzero element of det Cy, and

by setting p = ®Z;:O(uq)(_1)q+1, where i, denotes the element of det Hy(C)~*
such that g '(ug) = 1, we may define the torsion T'(C) of the complex C,

T(C) € (det C) @ (det H,(C))~t, by the expression:

T(C) = (é) (00441 A O, Ai(vq»“)") @ i,

q=0

which does not depend on the choices of 8, 11, and v,. Note that, to simplify
the expression (1.3) of [15], we adopted the convention 0y := 96,1 := 1.

The choice of specific elements w € det C' and p € det H,(C) establishes an
isomorphism R ~ (det C)®(det H.(C))~! which sends A € R into Aw®@p~!. This
isomorphism allows us to consider T'(C') as a real number, denoted by T'(C, w, i),
and therefore, it allows us to define the Reidemeister torsion 7(C,w, i) of the
complex C' in relation to the volumes w and pu by:

7(C,w, p) == [T(C,w, p)].

In this text we will consider the case where the chain complex C' is obtained
in the following way: we select the cell decomposition of RP™ formed by one
cell of each dimension {e,...,e"} and we use this decomposition to induce a
cell decomposition for S™, which is then formed by two cells of each dimension
{€9,€9,... e, enr}. We will consider RP™ as being embedded in S™ as a fun-
damental domain, so that the g-cells of S™ are translates of the g-cell of RP™
under the action of the fundamental group 7; := 71 (RP™). Note that under this
procedure the real chain groups C,(S™) generated by the g-cells of S™ become
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one-dimensional modules over the real group algebra R(m;). We will assume
without loss of generality that the embedding of RP™ into S™ identifies the cells
¥ el e el

By fixing a representation

p201@~--@01@02®-~-®02:Wl(RP")%GL(RN),

p N—p

for 01,09 as defined on Corollary 3.3, we turn RY into an R(7)-module, and
we become able to define the vector spaces:

C(I(RPn7p) = Cq(sn) ®R(7T1) RNa q € {Oaan}

To simplify notation, specially on the reasoning to be developed below,
we shall use (a,v) to represent the element o ®g(r,) v € Cy(RP",p). Since
the boundary operator 9, : Cy(S™) — C,_1(S™) originate an operator d,,,
C,(RP", p) — C,_1(RP™, p), by sending (a,v) — (J,0,v), our definition of
Cy(RP™, p) produces a natural chain complex

Cu(RP™, p) : 0 — Co(RP™, p) 25 . ¢ Gy (RP™, p) — 0,

whose homology will be denoted by H,(RP™, p).

Let {uy,...,uxn} denote the canonical base of R™. The embedding of RP"
into S™ and the cell decomposition fixed previously induce natural preferred
bases wy = {(ef, u;) }ieny for each vector space Cy(RP™, p).

We will also use {uy, ..., un} and the cell decomposition of RP™ to construct
bases p, for the spaces H,(RP"™, p), but we need more concepts and reasoning
to accomplish that. Our intention is to use the same method presented on the
first paragraph of [15, page 729] to construct these bases, i. e., we will first fix
orthonormal bases for the sets ker(A%Pnyp), q € {0,...,n}, then use de Rham
isomorphism and Poincaré duality on these bases to obtain the desired bases for
H,(RP™, p). Note that since Poincaré duality does not hold for non-orientable
manifolds, on the specific part where we apply this duality we will have to
restrict our study to the cases where n = 2m — 1, but the results obtained in
these cases will allow us to propose bases for H,(RP*™, p) which will result in
obtaining the same value for Reidemeister torsion that we obtained for analytic
torsion on Theorem 4.2. It is important to mention that the Reidemeister torsion
depends on the specific choice of the bases ji4, so a different procedure to the
one used on this text could lead to a different value of the torsion.

We start our construction observing that the elements of ker(Agp, ,) cor-
respond via pullback by the covering projection 7 : S™ — RP” to the elements
of ker(A§, ,) which are equivariant in relation to p, where A%, y denotes the
Laplacian on C*°(A9S™ @ RY).

On [11, page 183], by using spherical coordinates (6)refo,...,n} and repre-
senting the canonical metric of S™ by g, the authors describe orthonormal bases
for ker(A%,), which are given by:

1 1
:{lm} “":{WWW““”I}‘ "
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By taking the tensor product of the elements of ag and a,, with the elements of
the canonical base of RV we obtain orthonormal bases @y and &,, for ker(A%L, y):

1 1
An — 7(8 i )~": —_— den/\'/\d0® 1 . 15
{ vol(S™) ‘ }iGNN ’ { VOI(S")\/E e } "

ao
i€Npn

N 1
ing th ical metric for RP™, a f i ————Quy 1 ivariant
Using the canonical metric for , a form L; fi m@uz is equivarian
in relation to p if, and only if, f; = 0 for ¢« € {p+ 1,...,N}, and a form
Z fl A /1g]df, A -+ - Adfy @ u; is equivariant if, and only if, n is odd and

f— =0 for i€ {p+ 1,...,n}; or nis even and f; = 0 for ¢ € N,,. Therefore, after
normalization, we obtain the following orthonormal bases for ker(Afp., p):

1
I S S D SR S— Y SO TN
° { Vol(RP") Z}. amet { vol®pznT) ¥ 19140am ' Z}

€N,

b%m = { \/ |g d92m “AdOL ® Ul}
m /v 2m ’
RP ie{p+1,...,N}

where the bar indicates we are using the projection of S™ onto RP" to descend
the forms \/Hdt?n A---ANdfy ® u; and 1 ® u; which are equivariant.

In the case n = 2m — 1, we combine de Rham Isomorphism and Poincaré
duality to form operators Aq, which when applied to the bases b2™ ! described
above give rise to bases for H,(C(RP?>™~1 p)). We have:

ieN,

Agm—1 <\/RP%,_1)\/ lgldOom—1 A -+ Ndb ® ul>
f€2m71 \/ﬁ V |g|d92m*1 ARERNA d€1(6(1)7 ui) = VOI(RPQm_l)(e?,ui)v

2m1 )

1
AO<\/V01@RPW® > e Jeo U u

1 2m—1
—F— (e u
4/ vol(RP2m—1) ( 1 ’ l)

and the bases of Ho(C(RP?*™~1 p)) and Hay—1(C(RP?™71 p)) are, respec-
tively:

1
p2m—l = { vol(RP2m—1) (&%, u; } R U G — TP .
0 ( )(e1, i) ien, 2m—1 = ol (RP2-1) (e1 )
€Ny,
In the case n = 2m we do not have a systematic method for choosing bases
for Ho(C(RP?™, p)) and Hapm (C(RP?™, p)), so we use the odd dimensional case
to choose, respectively, the following bases:

1
hzm:{ vol(RP2™)(e ,u7} T e —— 5 UL T .
: EP )}, = | e )
ie{p+1 }

p

.....

Now that we have bases for C,(RP", p) and H,(C(RP?*™, p)) we just need
to understand the behavior of the operators 9, , to calculate the Reidemeister
torsion of RP?™,
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Since the boundary operators dy.1 : Cyy1(S™) — Cy(S™) satisfy
Og1(ef™) = £(ef + (~1)"e),

the operator 9, , acts on the base {(e],u;)}ieny of Cq(RP™, p) by sending:

(6%167“73) — (B?k 17ui) ( g 7u7') = Q(B%k_l7ui); I1<i< p
€2k uy) — (e? Loug) + (e g L) =0; p+1<i<N
(€ ) = (e 7Ui) (€5" 2, u;) = 05 1<i<p
(e%kilvui) — (efk 7“'%) ( % Qvui) = 2(€?k72vui); pHl<i< N

and we obtain natural bases 911 (bg+1) Uhy Ub, for Cy(RP?™), which are given
by:
{VRI®PT (e )| UL udbieqpenmys g =0

{2(ef, i) bicgpyr, .y U {(e‘{,ui)}ieNP, if giseven and 1 < g < 2m
{2(6(11’“1')}@61\11, U{(el,ui)}ictptr,...ny, ifgisodd and 1 < ¢ <2m

{ St} U ke, ifq=2m

i€{p+1,....N

By defining w = ®$’20 wg we have:

(®57:no (00q41 N by A i(”q))(il)v
= (VolRPZ) ) 2V Pwy @ (@7 (ng 1) @ (2VPuny))

N—p
& (2pw2m71)_1 ® (W) Wam,

so that:
mr(®PPp) = (ol®PP) 2V T [V @) ] @)
) N-p ” gmN y 2p—N
x ((«/VOI(RPQ"")> ) - ( vol(RP m)>

(16)
Based on this value we can establish the validity of Cheeger-Miiller Theorem
for even dimensional real projective spaces, as stated in the next Theorem:

Theorem 5.1. Let m € N and let p be a representation of the fundamental
group of RP?™. The analytic torsion of the twisted de Rham complex T, (RP*™, p)
and the Reidemeister torsion Tr(RP*™, p) of RP*™ in relation to p have the
same value.

Proof. By Theorem 4.1 of the present text and Theorem 2.3 of [19] we have:
Vol(RP?m)

om ’

so, from Theorem 4.2 and (16) it follows that

T, (RP?*™, p) = 7(RP?™ p).

T, (RP?™) = T.(S*™) =1

O
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