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Abstract

Map projections play a significant role in representing the Earth’s surface by converting coordinates defined on a curved
reference surface into coordinates on a plane. Since no single map projection can preserve all geometric attributes at the same
time, distortions related to distance, shape, and area inevitably arise, making the analysis of map projection properties essential
in mathematical cartography. This study develops a detailed and rigorous derivation of the conditions for conformality,
equivalence, and equidistance based on the first Gaussian fundamental quantities. As an illustrative case, the normal
cylindrical projection tangent to the equator is considered, due to its historical relevance and its connection with well-known
projections such as Mercator, Lambert cylindrical equal-area, and Plate Carrée. The derivations are formulated through a
differential-geometric approach, linking surface metrics directly to cartographic distortions. The obtained results show that
the classical properties of map projections can be systematically described using the first Gaussian fundamental quantities,
thereby offering an integrated interpretation of their metric behavior. In this way, the paper emphasizes the importance of
differential geometry for cartography and provides a broad mathematical and pedagogical discussion of the geometric
principles that support map projections.

Keywords: Mathematical Cartography. Mapping. Distortion.

1 INTRODUCTION

Maps are a common feature of media, social networks, and public discussions, serving as powerful
tools for communicating spatial information and supporting viewpoints. While map production was once
largely limited to governments and political leaders, Web 2.0 technologies have made mapmaking widely
accessible. Today, individuals, non-governmental organizations, and civic groups use maps to engage in public
discourse and communicate their own perspectives and interests (Budke, 2025).

However, creating a map is far from trivial. On the contrary, the immense area of the Earth’s surface
and the physical and anthropogenic processes that occur on it must be compressed and represented on a small
sheet of paper (Mocnik, 2025). Thus, it can be said that a map is produced by converting geospatial data from
the Earth, which is in a spherical (or ellipsoidal) coordinate system, into a plane representation, whether on
paper or in digital form. In this context, the process of transferring information from a curved surface to a plane
surface is called map projection, and it can be conducted in several ways (Lapaine, 2025). From a more specific
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point of view, a map projection requires the transformation of a set of two independent coordinates in an Earth
model, generally latitude ¢ and longitude A, into a set of two independent coordinates on the map, such as the
Cartesian coordinates x and y (Ghaderpour, 2016).

A notable characteristic of map projections, which is studied mathematically, is that all of them
introduce distortions into the map, and their types are usually considered in terms of length, shape, and area
(Pearson, 1990). This is relevant because the history of creating the best map projections can, in general, be
regarded as the history of cartography itself, since every cartographer, when creating a map, first intuitively
and later consciously, seeks to minimize its distortions (Novikova, 2025).

Map projections can be classified according to different criteria. One of them distinguishes the
extrinsic aspect, which concerns the geometric relationship between the projection surface and the reference
surface with regard to their nature (plane, conic, or cylindrical), type of contact (tangent or secant), and
orientation (normal, transverse, or oblique), and the intrinsic aspect, which addresses the preserved properties
as equidistance, conformality, or equal-area property (equivalence) and the method of construction (geometric,
semi-geometric, or conventional). This classification provides a clear framework for understanding both the
geometry and the purpose of projections (Richardus and Adler, 1972).

Nevertheless, regarding map projections, there is a classic difficulty that can be briefly illustrated. The
Second World War raised new awareness of global problems and renewed interest in cartography, highlighting
the need for greater attention to the subject. Nevertheless, even after 80 years, these issues remain relevant,
although public understanding has advanced little. This difficulty is due to the intrinsic complexity of
projections, linked to mathematics and to technical parameters that are not truly clear to laypeople, as well as
to the way software and specialized literature commonly treat them as difficult to understand (Kessler, 2025).

Indeed, the mathematical basis of map projections is complex, which can be intimidating for some
people. Although those familiar with advanced calculus find it easier to use detailed books on the subject, most
users of geospatial data do not need to know the equations involved, since mapping software performs the
calculations. Even so, having some understanding of the mathematics involved remains valuable (Kessler and
Battersby, 2019). In this sense, among the many tools used in the study of the subject are the first Gaussian
fundamental quantities. They are defined for specific surfaces of interest in map projections and are used both
in deriving the projections themselves and in developing their distortions (Pearson, 1990).

Beyond that, recent contributions emphasize the educational value of student-centered cartography.
Combining theoretical insights with practical classroom applications, they show how mapmaking can foster
cartographic literacy, critical reflection, and participatory learning through approaches such as thematic maps,
digital tools, mental maps, and map-based argumentation, while highlighting the role of teacher education in
supporting these practices (Budke, 2025).

In this context, Morawski and Budke (2025) demonstrate how maps embedded in digital games can
promote critical, reflective, and procedural cartographic literacy through a framework derived from the
analysis of culturally influential games. Moser (2025) evaluates the use of choropleth maps in educational
materials and digital environments, arguing that their pedagogical potential is often limited by insufficient
methodological and didactic reflection. Edler et al. (2025) show that immersive virtual reality environments
can enhance spatial thinking, critical decision-making, and engagement with real-world urban issues. Eberth,
Wagener, and Zink (2025) illustrate how the integration of digital participation platforms and photovoice
methods can strengthen map-production skills and critical map use in both teacher education and school
settings. Research by Kunze et al. (2025) reveals that many geography students possess only a limited
understanding of map-based argumentation prior to specific instruction, while Ulbricht and Lindau (2025)
highlight the value of field trips and mental maps for shaping spatial conceptions and supporting teacher
development. Similarly, Kunze and Budke (2025) find that geography teachers often have an incomplete
understanding of map-based argumentation, underscoring the need for targeted training to better integrate these
competencies into classroom practice.

For the reasons presented, this article seeks to provide a rigorous and detailed derivation of the
equations associated with three fundamental properties of map projections, i.e., conformality, equal-area
property, and equidistance, based on the first Gaussian fundamental quantities. Given the considerable number
of existing map projections, the analysis focuses on the normal cylindrical projection tangent to the reference
surface along the equator, owing to its historical significance and its connection to widely used projections
such as Mercator, Lambert equal-area, and Plate Carrée. The methodology combines mathematical cartography
with a structured and pedagogically oriented approach, emphasizing continuity in the derivations to minimize
conceptual gaps and facilitate understanding. In this way, the study highlights not only the importance of
mastering the mathematical foundations underlying map construction, but also the educational value of
cartographic practice, demonstrating how mapmaking can serve as an accessible and effective teaching
resource even in contexts that do not require advanced technological tools.
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2 THE FIRST GAUSSIAN FUNDAMENTAL QUANTITIES

In general terms, classical differential geometry is the study of the local properties of curves and
surfaces. Local properties are understood as those that depend only on the behavior of the curve or surface in
the neighborhood of a point. The methods that have proved suitable for studying these properties are those of
differential calculus (Carmo, 2016). This observation provides the foundation for the present work because, as
will be demonstrated, the first Gaussian fundamental quantities are fundamentally grounded in differential
geometry.

Thus, let there be an arbitrary surface associated with a three-dimensional Cartesian system, in which
u and v are curves on that surface, as shown in Figure 1. In this way, the following parametric equations can
be written for the Cartesian coordinates of any point on this surface, as shown in Equations (1), (2), and (3)
(Richardus and Adler, 1972):

x = fi(w,v) (1)
y=f(wv) )
z = f3(u,v) (3)

Figure 1 — The u and v curves in an arbitrary surface.
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Source: Adapted from Richardus and Adler (1972).

Taking the total differentials of Equations (1), (2), and (3) gives Equations (4), (5), and (6):

0x ox
= —du+— 4
dx F” du + 39 dv 4)
dy dy
_ 5
dy ™ du + 30 dv )
0z 0z
_ 6
dz 7u du + . dv (6)

Now, let (x + dx, y + dy, z + dz) be the coordinates of another arbitrary point on this same surface, and
let ds be the distance between it and the first point, considered to be infinitesimally small (Gauss, 1902). That
is, ds represents an infinitesimally small element of a curve on any surface. Therefore, Equation (7) can be
written:

ds? = dx? + dy? + dz? (7)

Substituting Equations (4), (5), and (6) into Equation (7) and expanding yields Equations (8), (9), and
(10):

dz—(axd 2, )2+(ayd + 24 )2+<azd 22, )2 ©)
s‘au”av” auuav” auuav”
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ds? = (a_x)z du? + 26—xa—xdudv + (6_x>2 dv? + (a_y)z du? + 26—ya—ydudv + (6_31)2 dv? +
du du dv dv du du dv dv ©)
+ (6_2)2 du? + 2%%dudv + (a_z)z dv?
du du v dav
ax\*  (0y\°  [0z\° dxdx 0dydy 0z0z
ds® = ((a) +(50) + () )duz +2(5u35 " g+ uaw) 2T
(10)

(@) @) G e

In Equation (10), the following considerations can be made, as shown in Equations (11), (12), and

(13):
=)+ () +(5) o

_6x6x+8y8y+azaz
f_auav oudv Judv

o= () (&) () 03

The quantities e, f, and g in Equations (11), (12), and (13) are known as the first Gaussian fundamental
quantities. Substituting these coefficients back into Equation (10) yields Equation (14), which represents the
differential line element of an arbitrary curve on a given surface (Pearson, 1990):

(12)

ds? = edu® + 2fdudv + gdv? (14)

Something fundamental occurs with Equation (14), which is of great importance for the study of map
projections, namely: when a surface is considered not as the boundary of a solid, but as a flexible body whose
thickness is assumed to vanish, some properties of the surface depend on the form it assumes, whereas others
are absolute and remain invariant regardless of the way in which the surface is bent. From this point of view,
a plane surface and a surface that is developable onto a plane, such as cylindrical surfaces and conical surfaces,
must be considered essentially identical, and the general method for comprehensively defining the nature of
surfaces considered in this way is always based on this equation (Gauss, 1902). For these reasons, Equation
(14) is the conceptual core of this work.

3 THE FUNDAMENTAL TRANSFORMATION MATRIX

Since the first Gaussian fundamental quantities for the reference surface (sphere or ellipsoid) are
different from those belonging to the projection surface (plane, cone, or cylinder), in this text lowercase letters
will be used for the first and uppercase letters for the second, as follows:

a) For the reference surface, according to Equations (15) to (21):

x = f1(u,v) (15)

y=fa(u,v) (16)

z = f3(u,v) (17)

ds? = edu® + 2fdudv + gdv? (18)
ax\2 dy z 9z\2

=(— - — 19

¢ (E)u) * (E)u) * (E)u) (1)

_Ox0x 0dydy 0z0z

S T A A T 20
8u6v+6u6v+8u6v 20)



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.16769

0= () +(G) () @

b) For the projection surface, according to Equation (22) to (28):

X=g.U"V) (22)

Y =g, V) (23)

Z=g3(U,V) (24)

dS? = EdU? + 2FdUdV + GdV? (25)
E) CNG) A

= (= el = 26

=) + (o) + (o) 20

_axax+ayay+azaz
T AUV T aU AV UV

o=(57) +(a7) +(7) @

Equations (15) to (28) show that, up to this point, only Gaussian quantities have been found separately
for two types of surfaces, namely the reference surface and the projection surface; that is, ¢, f, g for the reference
surface and E, F, G for the projection surface. A procedure for relating them will now be introduced.

Bearing in mind that the purpose of a map projection is to represent a curved surface on a plane surface,
that is, to represent a reference surface on a projection surface, this means that, mathematically, one seeks to
find both U and V as functions of « and v, as shown in Equations (29) and (30):

27

U=h;(uv) (29)
V = h,(u,v) (30)

The reverse relationship must also occur, that is, since map projections are reversible (Richardus and
Adler, 1972), Equations (31) and (32) should also be valid:

u = hy(U,V) (31)
v = h,(U,V) (32)

Consequently, one can replace Equations (29) and (30) into Equations (22), (23), and (24), obtaining
Equations (33), (34), and (35):

X = gl(UJ V) = gl (hl(ul U), hZ ('U., 17)) = 94(% U) (33)
Y = ,gz(U, V) = gZ (hl(ul U), hZ (u, 17)) = gs(u: U) (34)
Z= g3(U, V) = g3(h1(u, 17), hZ(ul U)) = 96(% U) (35)

Now, the first Gaussian fundamental quantities can be written for the functions that relates the two
types of surfaces, which will be different from those already found. That is why E, F, G will be used to represent
them, forming a new set of equations, as shown in Equation (36) to (42):

X =g,(u,v) (36)
Y =g5(uv) (37)
Z = gs(w,v) (3%)

= Edu? + 2Fdudv + Gdv
dS? = Bdu? + 2Fdudv + Gdv? (39)
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) ST S AN

=(=— — —_— 40
E <0u) + (au) + (au) (40)
F_6X0X+0Y0Y+E)ZOZ
T Qudv Oudv Oudv

o=(5) (&) +(5) @

It is worth noting that the element dS in Equation (25) and in Equation (39) are the same, that is a
differential element of a curve on the projection surface. However, in Equation (39) it is represented by X, 7,
Z as functions of u, v, while in Equation (25) it is represented by X, Y, Z as functions of U, V.

Now it is possible to find the partial derivatives related to the equations of E, F, G. This can be done
by applying the chain rule for composite functions in Equations (33), (34), and (35), according to Equations
(43) to (48):

(41)

0X 9X9U 0XaV

2,77 43
ou_ U ou  avou (43)
0X 0XoU odXov
2222 (44)
v oUdv adVov
dY o0dYou oaYyov
ov _0ovou  ovov (45)
ou dUou 0dVou
aY oY ou oY aov
Z_ 22,22 (46)
Jdv oUodv 0dVov
0Z 0ZoU 0Zov
0z _0z0U  0zZ9V (47)
ou dUoOu 0dVaou
A _ 0Z oU 0ZaoV (48)

v ouav Tavaw

Equations (43) to (48) can be replaced into Equations (40), (41), and (42), and can be expanded
according to Equations (49), (50), and (51):

_ /70X 90U 9XOVN? ,0YOU 9YOVN? [(0ZdU 0ZIV\*
oUou 9V du oUou 9V ou oUou 9V aou
(ax aU>2 , (ax X oU av> <ax av)2 (ay au)z , <ay Y oU av) N <ay av>2

=\ovau avavouow) T\avan) T\avau avavauou) T\avau
N <az au)2 , <az dZ oU av) <az av)z B
U du U dV ou du aV du
S (8 O N Y (S L @
aUu aUu aUu ou auov QU oV 00U dV/) oduou
aX\? 9Y\?  [0Z\%\ s0V\?
+<<W) +(57) *(57) )(a) -
() 42 (2
u Ju ou u
_ 0XoU 0XoVy/0XoU dXaV oY oUu oY aVy\ oY ou oY av
= (ﬁ%J’W%) (ﬁ%JFW%) * (ﬁ%J’W%) (ﬁ%*ﬁ%) * 0

N (OZ aUu 4 0z OV) (OZ aUu 4 0z OV)
oUodu oVou/\oUov dVav
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<ay>2 U oU
oUu/) ou ov

AX\*0U AU dXAXdU IV 0XdXdVaU (dX\*dV aV
(ﬁ) Fuov "aUV auav T auaV oudv (W) e
AYAY QU AV dY aY avaU (AY\>aV IV  (dZ\*dU dU
Y oU v dudv T aU av ou ov (W) dudv (ﬁ) uov '

0ZdZdU 3V  dZ dZ 3V U <az)2 vov
v/ dudv

+____

U9V dudv T 9U 9V au v
9X0X Y dY 0ZdzZ dU IV

_ <6X)2+<6Y>2+<E)Z>2 0U6U+( 4 4 )( )+
—\\ou ou ou) Jouov \ouaov  auav  au v/ \ou v
N <ax 0X Yoy oz az) (av aU) N <ax)2 N <ay)2 N (az)z (av av) B
AU aV " auav ' aU av/\ou av v Fl% v oudv)
B <ax>2 N <ay>2 N <az>2 ouou (ax 0X Yoy oz az> (aU ov v aU> N
—\\ou aUu aUu Ju ov auaov oUadV oUoV/)\ouodv duodv
N <6X)2 N <6Y)2 N (62)2 <6V 6V) _
v v v ouadv)

auaou auav avau avaov
( )+ Guz)

=t ouay T \Guaw Tauaw uov
_ /0X0U 0XaVN? ,0Y U aYAV\? [0ZdU 0ZV\>
=Guaw tavaw) *Guas *avan) T Guay T avay) =
au ov  aV dv au ov  adV ov au ov  dV dv
B (ax aU>2 ) (ax 09X oU av> N <ax av)2 N (ay au)z s <ay aY oU av) N <ay av>2 N
~\9U ov aUu aV ov dv av ov aU ov au aVvV ov dv aVv ov
N <az au)2 <az dZ oU av) N <az av)z B
U dv U aV dv dv avov)
_ (E)X)Z N (E)Y)Z N (62)2 (OU)Z +o (OX 0X 4 aY oY 4 a9z 02) (E)U 6V> N G
—\\au U U v UV  oU AV  aUaV/)\dv dv
()G G ) G -
Fl% Fl% Fl% ov)
_ (c')U)Z +oF (E)U 6V> ‘G (OV)Z
N v dv dv v
Now, one can write the results according to Equations (52), (53), and (54):
E=E (aU)Z +2F ou ov +G (av)z (52)
N u ou du u
_ U aU oU vV vV U v av
_ gl <_—+——) G(——) (53)
ou dv Judv OJdudv ou ov
_ AUN? U av V2
=E(— —_— i 54
G E(c’)v) +2F(0v 0v>+G(6v) G4

Equations (52), (53), and (54) are normally expressed in matrix form, according to Equation (55)

(Pearson, 1990):
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Q) T o

(6U
Ju
oUu oUu
ou dv

(6U
L\ dv

;
;

ou v

o
au oV oV au
v T auov

2<6U6V)

v v

e
Ju

v av
ou v

(&)

(55)

The 3x3 matrix in Equation (55) is known as the fundamental transformation matrix (Richardus and

Adler, 1972), and it is highly relevant in the development of map projections.

3.1 Application of the fundamental transformation matrix on the reference and projection surfaces

With the fundamental transformation matrix available, it is possible to determine the first Gaussian
fundamental quantities for the reference and projection surfaces. When the sphere is used as the reference
surface, its parametric equations are initially employed, as shown in Equations (56), (57), and (58) (Lapaine,

2025):

In Equations (56), (57) e (58):

X, ¥, z are the Cartesian coordinates of any point on the surface of the sphere;

@ is the latitude;
A is the longitude;

R is the radius of the sphere.

x = RcospcosA

y = Rcosgsini

z = Rsing

(56)
(57)
(58)

In the case of the sphere, we have that u = ¢ and v = A (Ramos Junior et al., 2025). So, the following

substitutions can be made in Equations (15) to (21), arriving at Equations (59) to (65):

x = fi(o, 1)
y = fa(e, )
z = f3(p, 1)

ds? = edp? + 2fdpdA + gdA?

e =

-

() + () +(

_ Ox Ox

ox

) + (5

82)2
dg
dy 0 0z 0z
_Ox0x dydy 920z
dp ol 0dpdA Jdpdd

62)2
oA

(59)
(60)
(61)

(62)

(63)

(64)

(65)

By deriving Equations (56), (57), and (58) and substituting according to Equations (63), (64), and (65),
we get Equations (66), (67), and (68), according to (Pearson, 1990):

e = R?

f=0

g = R%cos?¢

(66)
(67)
(68)
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Following the same reasoning, in the case where the ellipsoid is used as the reference surface, the
results are the constants in Equations (69) to (73) (Richardus and Adler, 1972):

e = M2 (69)
f=0 (70)
g = N2cos?¢ (71)
a(l—¢€?)
B J(1 — €2sinZ¢p)3 (72)
a
N=—"— (73)

1 — e?sin?¢@

In Equations (69) a (73):

M is the radius of curvature in the meridian section passing through any point on the surface of the ellipsoid;
N is the length of the normal to the ellipsoid from the point on the surface of the ellipsoid to its minor axis;
a is the major semiaxes of the ellipsoid;

€ is the first eccentricity.

It's worth noting that, in this text, the Greek letter € (epsilon) was used for the first eccentricity because
the letter e from the English alphabet had already been used earlier to represent one of the first Gaussian
fundamental quantities. However, this naming is not exclusive, since, according to Meyer (2018, p. 65), “€ is
the symbol for eccentricity both in common literature and as adopted by the International Organization for
Standardization (ISO) and the International Electrotechnical Commission (IEC), although other authors use
different symbols, like e”.

Thus, the same procedure can be followed to find the first Gaussian fundamental quantities with respect
to the projection surface, which in this work takes as its object the normal cylinder tangent to the reference
surface. A cylinder in normal position means that, according to Santos (1985, p. 121), “the axis of symmetry
of the cylinder coincides with the Earth’s axis of rotation”.

From this perspective, in normal cylindrical projections, lines of longitude depend only on longitude,
and lines of latitude depend only on latitude. It is convenient to require that the origin of the system (U, V)
coincides with the corresponding origin of the parametric curves of the reference surface. Thus, when
coordinates of the type (¢, A) are used in the parametrization, the coordinates (U, V) must be interpreted as
rectangular coordinates (X, Y) in the plane (Tobler, 1962). In these projections, meridians are represented by
straight, parallel, and equally spaced lines, and parallels by straight, parallel lines orthogonal to the meridians.
They may be conformal, equal-area, arbitrary, or, in particular cases, equidistant along the meridians
(Bugayevskiy and Snyder, 1995). Therefore, the parametric equations for the normal cylinder can be written
as shown in Equations (74), (75), and (76):

X=gUV)=U (74)
Y=g,(UV)=V (75)
Z=g3UV)=0 (76)

By substituting Equations (74), (75), and (76) into Equations (26), (27), and (28), we get the first
Gaussian fundamental quantities for the normal cylinder, according to Equations (77), (78), and (79):

E—(Wf+<m)é+@zf—1+o+o—1 (77)
—\au U ou) N
_0X0X 0YdY 0Z0Z

_9Xox ovoy 0z9oz _ _ 78

F=svav Tavav tauar =0 T0+0=0 (78)
) CRRN) A A

G (av) +(av) +(av) O+1+0=1 (7)

With the first fundamental Gaussian quantities given in Equations (63), (64), and (65), and in Equations
(77), (78), and (79), one can apply it to rewrite the fundamental transformation matrix given in Equation (55),
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as shown in Equation (80):

0x\? 0X oY ar\*]

_ (%) 39 0 (%)

El laxax oxav oavaex avay||t

[g]— 9991 0p0A 0p01 0pon 2] (80)
0X\’ 0X oY ary?
G2 2Ga) GO

Therefore, in normal cylindrical projections, since the lines of the same longitude A depend only on
the longitude, so that X = j; (1), and since the lines of the same latitude ¢ depend only on the latitude, so that
Y = j,(¢), we can write Equations (81) and (82) in the following way:

X=j@v)=;w=jQ)
Y =j,(w,v) = j,(w) = j,(¢)

(81)
(82)

Among the partial derivatives of Equations (81) and (82), notice that two of them are equal to zero, as
shown by Equations (83) and (84):

%X _ o 83
% (83)
)4

R 84
a1 (84)

With that, by substituting Equations (83) and (84) into Equation (80) and breaking it down, we get
Equations (85), (86), (87), and (88), which depend on variables from both the reference surface and the
projection surface:

.
. 0 0 (%) 1
Fl=| o Z—Ya—x 0 H (85)
G e ¢ 04 1
G) o o
o
F= 87)

4 THE LINEAR SCALE FACTOR

The linear scale factor, or simply scale factor, refers to the relative length of a line in the Earth model
and the same line represented on the map (Pearson, 1990). Or, according to Krakiwsky (1973, p. 30), “The
scale factor describes, at each point of the map projection, the amount of length distortion”.

Mathematically, the linear scale factor is the ratio between the differential element of the curve on the
plane of the projection surface and the differential element of the corresponding curve on the reference surface
(Lapaine, 2021). Thus, to find a general equation, Equation (89) can be written:

das

m=5 (89)
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To express the scale factor in terms of first Gaussian fundamental quantities, Equation (89) can be
squared, and then Equations (14) and (39) can be substituted into the resulting equation, yielding Equation
(90):

dS? Edu® + 2Fdudv + Gdv?
ds?  edu? + 2fdudv + gdv?

2=

m (90)

From this moment, Equation (90) can be developed in many ways. In one of them, we can divide the
numerator and the denominator by dv?, and develop it, as shown in Equations (91) and (92):

—du? 2Fdudv Gdv?

m2 = Eoet a2 *qe o1)
du?  2fdudv , gdv?
ezt T qvz Tz
_ rdu? =du | =
El5=) +2F5=-+G

L s
e(F) +¥ g9

The reason for the division by dv? is to make it clear that m depends on the direction of Z—Z. Note that

in Equation (92), considering the sphere (or the ellipsoid) and the cylinder, one can make the substitution of
F = f =0, and as we have already seen that u = ¢ and v = A, we arrive at Equation (93):

_ d(pz _
E(m> +G

2

e (2—(5) +g9

Regarding the differential elements d¢ and di given in Equation (93), where the first refers to the

parallel and the second to the meridian, it is worth noting that, in our analysis, d¢ depends only on latitude,

and d\ depends only on longitude. In this way, we can say that a differential change in latitude alone will

generate a differential element of a curve that depends only on ¢, which will be called ds,, and, by similar

reasoning, the differential element of a curve generated solely by a differential change in longitude will be
called ds;. This geometry can be seen through the differential quadrilateral in Figure 2.

2 = (93)

5 THE DIFFERENTIAL PARALLELOGRAM

The visualization of a differential parallelogram is straightforward and can be carried out by following
Figure 2 as follows. Imagine two points P and O on an arbitrary surface, infinitesimally close to each other.
From these points, coordinate lines are drawn, forming a parallelogram with infinitesimally small dimensions,
used to evaluate local deformations related to distances, area, and angles that occur when the Earth’s surface
is projected onto the plane.

With this, Equations (94) and (95) can be written:

P =(p,1) (94)
Q=(p+dp A+dA) 95)
This means that, from Figure 2, one can write Equations (96) and (97):
dsg = ed@? + 2fdedA + gdA* (96)
dsi = edp? + 2fdpdA + gdA? 97)
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Figure 2 — Differential parallelogram.

@+do

Source: Adapted from Ramos Junior et al. (2025)

Since it has already been deduced that, for the sphere (or ellipsoid), f'= 0, then from Equations (96)
and (97) one can write Equations (98) and (99):

dsg = edp? + gdA* (98)
dsi = edp? + gdA? (99)

And now, since ds,, depends only on @, it means that in this case dA = 0, and since ds; depends only

on A, it means that in this case do = 0. In this way, from Equations (98) and (99) one can write Equations (100)
and (101) and simplify them according to Equations (102) and (103):

dsg = edgp? (100)
ds? = gda? (101)
ds, = Vedy (102)
dsy = \[gdA (103)

With the help of Figure 2 and Equations (102) and (103), you can notice that there is a differential
triangle whose sides are ds, Ved, and \/Ed/l. This means that you can apply the Law of Cosines. To do this,
let a be the angle opposite the side \/Ed/l, and B the angle opposite the side ved, and let 180 - (0-+p) be the
angle opposite the side ds. Then we can write Equations (104), (105), and (106):

ds? = (\/Ed(p)z + (\/Edl)z — 2./egdedAcos(180 — (a + B)) (104)
ds? = edg? + gdA? — 2.[egdpdAcos(180 — (a + B)) (105)
ds? = edp? + gdA? + 2,[egdpdicos(a + B) (106)

By equating Equation (106) with Equation (14), and working it out, we arrive at Equations (107),
(108), and (109):

edp? + gdA* + 2,/egdpdAcos(a + ) = edp? + 2fdpdA + gdA? (107)
2./Jegdepdicos(a + B) = 2fdpdA (108)
f
cos(a +B) =— (109)
veg

In classical texts, like in Gauss (1902, p. 25), in Equation (109) the term (a + ) is usually called ®.
Doing it this way, we get to Equation (110):
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CoOsSw = —— (110)

Jes

Note in Equation (110) that, since for the sphere (or ellipsoid) /= 0, this means that the angle between
any meridian and any parallel is a right angle. In other words, parallels and meridians intersect at right angles.
This also occurs in the case of the cylinder, since it has /= 0. Thus, analogously, Equation (111) can be written
for the projection surface, using uppercase letters:

F
cos) = —— 111
e (111)

As it has been shown that the curves intersect at a right angle for the sphere, the ellipsoid, and the
cylinder, one can work with differential right triangles. In other words, we can now say that we can manipulate

a differential right triangle whose hypotenuse is ds and whose legs are ved¢ and \/Ed/l. Thus, we can write
Equations (112) and (113):

t Y94 (112)
a =

g Vedg

dp 1 [g

L < 11
di  tgave (113)

6 CONDITIONS OF CONFORMALITY
Projections in which the shape of small elements are preserved are called conformal (Melluish, 2014).
This means that working with the first Gaussian fundamental quantities in this case is perfectly feasible. So,

to start the procedure for deriving the conditions of conformality of cylindrical projections, we can initially
substitute Equation (113) into Equation (93), obtaining Equations (114) and (115):

_(dp\* A
E(ﬁ) + G
do 2
e(H) +g
1 2

— L g —_

(2 8) o
m? = (115)

2
1 |g
e<tg—a\/;> +g

Dividing the numerator and the denominator of Equation (115) by g and developing it leads to
Equations (116) and (117):

2=

(114)

Z
m2=ftg’e g (116)
Ecos’a G

e sin%a

m2 = ! 9 (117)
cos?a
sin?a

Multiplying the numerator and denominator of Equation (117) by sin?a and expanding, we get
Equations (118) and (119):
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E G .,
, ecos a+gsm a (118)
m? = ,
cos?a + sin%a
E G
m? = ;cosza + —sin’a (119)

Looking at Equation (119), one can see that it depends on the angle a, which is the azimuth from P to
0, as shown in Figure 2. To prevent this from happening, that is, for Equation (119) to no longer depend on
any direction, consider Equation (120):

G
-k (120)
g

It follows that, if Equation (120) is substituted into Equation (119), m will assume the same value for
any direction with respect to that point on the projection surface, or, according to Canters and Decleir (1989,
p. 07), “Conformal projections are obtained when the scale factor is independent of azimuth or is the same in
all directions”. Algebraically, this substitution can be made as shown in Equations (121), (122), and (123):

m? = Kcos?a + Ksin®a (121)
m? = K(cos?a + sin’a) (122)
2k (123)

Accordingly, using the first Gaussian fundamental quantities, it can be shown that a normal cylindrical
projection is conformal if it satisfies the conditions given by Equations (124) and (125):

=

=0 (124)

~

® |
Il
Q| N

=K (125)

Intrinsically to Equation (124), one further observation can be made. Since it was used in
demonstrating the perpendicularity between meridians and parallels, it is worth emphasizing a peculiarity,
namely: if this right-angle intersection on the reference surface is not maintained on the projection surface,
under no circumstances can shape be preserved (Roblin, 1969). Thus, the condition in Equation (124) is
necessary, but not sufficient for conformality, since the condition in Equation (125) must also be satisfied.

7 CONDITION OF EQUIVALENCE

In Figure 2, the area of the parallelogram will be bounded by the two lines of the first system
corresponding to ¢ and @ + do, and by the two lines of the second system corresponding to A and A + dA (Gauss,
1902), and according to Canters and Decleir (1989, p. 08) “if, during the mapping process, the elementary
areas are preserved, the projection is called equivalent”.

Since Figure 2 deals with differential elements, their dimensions allow the use of Euclidean geometry
equations. So, to find the condition of equal-area property, let the area of the differential element in Figure 2
be represented by Equations (126) and (127) at first:

da = \/Edq)\/gd/lsinw (126)
da = ,/egsinwdpdA (127)

Considering that Equation (110) represents cos®, some manipulation can be done, according to
Equations (128), (129), and (130):

cosw =+/1—sinw =

(128)

%”x
Q
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f2
sinw = [1—— (129)
eg
eg — f?
sinw =
eg

(130)

Equation (130) has a term that often appears in mathematical cartography, which will be highlighted
according to Equation (131) (Bugayevskiy and Snyder, 1995):

hzzeg—fz (131)
Hence, by substituting Equation (131) into Equation (130), Equation (132) can be written:
_ h
sinw = — (132)
Veyg

With the help of Equation (132), Equation (127) can be rewritten as Equation (133):

da = /egsinwdpdA = hdpdA (133)

Equation (133) can also be written according to Gauss's original notation (Gauss, 1902), by
substituting Equation (131) into Equation (133), as shown in Equation (134):

da =./eg — f?dpdA

(134)
Similarly to Equations (131) and (133), one can write Equations (135) and (136), regarding the
projection surface:

H?=EG —F*?

(135)
dA = HdpdA = \EG — F2dpdA (136)
The scale factor for area at a given point is the ratio between the area of an infinitesimal quadrilateral

on the projection and the area of the corresponding infinitesimal quadrilateral on the reference surface
(Bugayevskiy and Snyder, 1995). Thus, with the differential areas of the different surfaces given in Equations

(133) and (136), the scale factor for area, here denoted by m., can be obtained, as shown in Equation (137):

dA
= 137
a= (137)

In Equation (137), if the area on the map is equal to the area on the sphere (or on the ellipsoid), the

projection is equivalent (Pearson, 1990). In other words, equal-area property occurs when the scale factor for
the area is equal to 1. Algebraically, Equation (138) can be written:

dA
- = 138
=1 (138)
By substituting Equations (133) and (136) into Equation (138), we get Equations (139) and (140):

HdpdA _

hdpdl (139)
i =1
=

(140)
Equation (140) is a representation of the condition of equal-area property of normal cylindrical
projections using the first Gaussian fundamental quantities.
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8 CONDITION OF EQUIDISTANCE

Equidistance refers to the preservation of distances measured in a single direction. This property can
only be maintained along certain lines or from specific points. When distances are preserved along the
meridians, the projection is called meridionally equidistant; when this preservation occurs along the parallels,
the projection is called transversally equidistant (Gaspar, 2005).

More specifically, according to Bugayevskiy and Snyder (1995, p. 52), “In normal cylindrical
projections equidistant along the meridians, the ordinate is determined so that the scale along all meridians is
preserved”. This condition can be represented mathematically by means of the first Gaussian fundamental
quantities directly from Equation (119), since, by setting a = 0°, one obtains the linear scale factor along a
meridian, here denoted by m,,, and sets it equal to 1. These considerations can be seen in Equations (141) and
(142):

E G
m2, =;cos20°+—sin20° (141)

-1 (142)

o |

Equation (142) represents the condition of equidistance along the meridians for normal cylindrical
projections, in terms of the first Gaussian fundamental quantities (Deakin, 2003). One advantage of this type
of projection is that, if one wishes to simultaneously reduce area and shape distortions, the equidistant
cylindrical projection would be the best choice (Gyorffy, 1990).

9 PRACTICAL EXAMPLE

Three well-known and important normal cylindrical projections, namely the Mercator projection, the
Lambert cylindrical equal-area projection, and the Plate Carrée projection, may exemplify the three types of
distortion analyzed in this paper, thereby highlighting the importance of their study. These projections will be
illustrated together with indicatrices ellipses and their respective distortion analyses, as shown in Figures 3, 4,
and 5.

The indicatrix ellipse, proposed by Auguste Tissot in the eighteenth century, is a central concept for
graphically understanding deformations in map projections. He showed that any representation of a surface
can be regarded as part of several orthogonal projections at different scales. If a small circle on the original
surface is taken and projected onto the plane, the process involves two steps: adjusting its scale and performing
the orthogonal projection. Since the plane of the circle is generally inclined with respect to the projection plane,
its image becomes an ellipse. If the circle has unit radius, the indicatrix ellipse, or ellipse of deformation, is
obtained. Its axes a and b correspond to the principal directions of the projection, in which the scale assumes
its maximum and minimum values (Gaspar, 2005). These ellipses are important in the study of map projections,
both for illustrating distortion and for serving as a basis for the calculations that precisely represent its
magnitude at each point (Kopacz, 2012).

The Mercator projection was introduced in 1569 by the cartographer of the same name, primarily for
use in navigation. It has the following characteristics: it is a normal cylindrical projection; it is conformal; the
meridians are equally spaced straight lines; the parallels are unequally spaced straight lines, closer to one
another near the Equator, intersecting the meridians at right angles; the scale is true along the Equator; the
poles lie at infinity; and there is great areal distortion in polar regions (Snyder, 1987). Figure 3 illustrates the
outline of the continents in the Mercator projection, based on a Python script prepared and made publicly
available in a GitHub repository (Data, 2025).

In Figure 3, it can be observed that the indicatrix ellipses retain a circular shape at all latitudes because
the projection is conformal, that is, it preserves local shapes. However, the size of the ellipses increases
progressively as they move away from the Equator, indicating distortion of area and distance at higher latitudes.
Thus, although local shapes are represented correctly, regions farther from the Equator appear
disproportionately distorted in relation to those closer to it.

It should be noted that a conformal projection preserves local shapes, since, for example, a small circle
on the globe remains circular on the map. However, this property has limitations: conformality requires a
uniform increase in scale, causing the areal scale to grow with the square of that variation. Therefore, although
small shapes are well represented, the rapid increase in distortions away from zones without deformation makes
conformal projections unsuitable for accurately representing large regions, such as continents and oceans
(Maling, 1992).
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Figure 3 — A Mercator projection visualization.

Mf\
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Source: The Authors (2026).

The Lambert cylindrical equal-area projection was introduced by the cartographer of the same name
in 1772 and, in its normal aspect, has the following characteristics: the meridians are equally spaced straight
lines; the parallels are unequally spaced straight lines, closer to one another near the poles, intersecting the
meridians at right angles; and, when tangent, the scale is true along the Equator (Snyder, 1987). Figure 4
illustrates the outline of the continents in this projection, based on a Python script (Data, 2025).

In the Lambert cylindrical equal-area projection, the indicatrix ellipses become increasingly flattened
as latitude increases, progressively stretching in the east—west direction. Distortion intensifies in high-latitude
regions, where significant deformations of distances and angles occur, although the preservation of equal-area
property is maintained.

In general, equal-area projections are highly relevant for mapping statistical distributions. For example,
when representing population, agriculture, or industry data, various symbols, such as dots, may be used to
indicate specific quantities of the variable under analysis. In reading this type of map, an essential factor is the
visual perception of population density, agricultural production, or industrial activity as these vary across
different regions of a country or continent (Maling, 1992).

=t
150°W 120°W 90°W 60°W 30°W 0° 30°E 60°E 90°E 120°E 150°E

Source: The Authors (2026).
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Equidistant cylindrical projection has been known in Europe since the third century BC. In its
equatorial aspect, it is the simplest of all map projections to construct. When the cylinder is in normal position
and the Equator is the standard parallel, it is known as Plate Carrée because its graticule is square (Gaspar,
2005). This projection is cylindrical; it is used only in spherical form; it is neither equal-area nor conformal;
the meridians and parallels are equally spaced straight lines that intersect at right angles; and it is widely used
for world or regional maps because of its simple construction (Snyder, 1987). Figure 5 illustrates the outline
of the continents in the Plate Carrée projection, based on a Python script (Data, 2025).

Figure 5 — A Plate Carrée projection visualization.

180° 150°wW 120°wW 90°W 60°W 30°wW 0° 30°E 60°E 90°E 120°E 150°E 180°

Source: The Authors (2026).

As shown in Figure 5, the equidistance property of the Plate Carrée projection preserves distances
along the meridians. This can be observed through the indicatrix ellipses, which in this case maintain a constant
east—west dimension but become compressed in the north—south direction as latitude increases, due to the
constant spacing of the parallels. Consequently, at high latitudes, the ellipses appear compressed, revealing
severe distortion of shape and area, which reaches its maximum near the poles.

The property of equidistance is less important than conformality or equal-area property, since a map
in which distances are exact in only one direction is generally not desirable. Even so, equidistant projections
serve as an intermediate solution between conformal and equal-area projections. In these projections, the
variation in areal scale occurs more progressively than in conformal projections, and the maximum angular
deformation increases more gradually than in equal-area projections. For this reason, they are often used in
atlas maps, planning maps, and broad representations of the Earth’s surface when neither conformality nor
equal-area property needs to be preserved (Maling, 1992).

It should also be emphasized that, in the case of these three projections, there is a direct relationship
between the coordinate grid and the distortion pattern. This means that the grid has the same axes of symmetry
as the distortion pattern. This occurs because, in the normal aspect, lines of equal distortion coincide with the
parallels. In the case of cylindrical projection, the line of zero distortion corresponds to the Equator. Therefore,
the normal aspect of this class of projections is known as the equatorial aspect (Canters and Decleir, 1989).

10 FINAL CONSIDERATIONS

This article derived, using the first Gaussian fundamental quantities, the conditions of conformality,
equivalence, and equidistance for normal cylindrical projections tangent to the reference surface along the
Equator.

Since such projections present constant distortion along parallels, they are a suitable choice for zones
that are symmetric with respect to the Equator (Kerkovits, 2021). Moreover, when the cylinder is developed,
they produce a map in which the meridians are represented by straight lines parallel to one another, whose
spacing is proportional to the corresponding difference in longitude. The parallels are straight lines
perpendicular to the meridians and, therefore, are also mutually parallel. However, three types of projections
were presented, distinguished by the fact that one is conformal, the Mercator projection; another is equal-area,
the Lambert cylindrical equal-area projection; and another is meridionally equidistant, the Plate Carrée
projection. These characteristics are guaranteed by the mathematical framework involved, which establishes
the conditions required for each property.
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As this article has emphasized, an adequate understanding of the statements above depends directly on
intermediate to advanced mathematical knowledge. Once acquired, however, such knowledge proves
advantageous for those who work directly with map production. This is evident in the practical example, in
which three projections were illustrated, together with their indicatrix ellipses, using a Python program whose
development required a clear understanding of the concepts involved and of the necessary mathematics, all
related to the specific characteristics of each projection.
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