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Abstract1

This research investigates the spatiotemporal dynamics of dengue propagation2

using an MSIRV (Mosquito-Susceptible-Infected-Recovered-Vaccinated) epidemio-3

logical model. The central focus is the application of numerical methods (Finite4

Element Method, Crank-Nicolson Method, and Newton Method) to the model in5

real scenarios, integrating vaccination dynamics as a control parameter. The struc-6

ture of the MSIRV model consists of a system of nonlinear partial differential equa-7

tions. The computational implementation of the methods is verified using the Man-8

ufactured Solutions Method, which analyzes spatial convergence rates before their9

applicability to dynamic scenarios. The continuous spatial domain corresponds to10

the municipality of Seropédica (RJ). The simulations demonstrate that including11

the vaccination component significantly alters the viral infection rate. The model12

proved to be an effective prognostic tool for intervention planning and epidemic13

control. This research was conducted with the support of the Fundação de Amparo14

à Pesquisa do Estado do Rio de Janeiro - FAPERJ.15

Keywords: Dengue, numerical methods, MSIRV.16

1 Introduction17

Mathematical models have become an essential and strategic tool for studying and an-18

alyzing the behavior of biological phenomena and systems of communicable diseases in19

human populations. In the case of arboviruses, such as dengue fever, models formulated20

as systems of partial differential equations allow us to predict the spatiotemporal prop-21

agation of infection across heterogeneous locations or to describe the current state of an22

epidemic. According to Yang (2001), the need to understand and predict disease behavior23

has given rise to a new field of science: mathematical epidemiology[2, 3].24

Nonlinear systems of equations describe the interactions among the transmitter and25

infected, susceptible, and recovered individuals. In addition to the possibility of manip-26

ulating or extending the system to consider extra factors, such as rainfall, temperature,27

and vaccination control rates.28

Varying the system to include parameters and equations that represent combat and29

control strategies is essential for public health. As Bassanezi (2002)[4] states, mathemati-30

cal modeling is “the art of transforming real-world problems into mathematical problems31

and solving them by interpreting their solutions in the language of the real world.”32
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The MSIRV model is based on the robust structure of the MSIR model formulated by33

Gomes (2009)[5], which demonstrates effectiveness in studying the dynamics of dengue34

propagation in his dissertation entitled “A Study on the Spread of Dengue Using Par-35

tial Differential Equations and Fuzzy Logic.” The MSIRV model is an extension of the36

formulation consolidated by Gomes (2009), consisting of five nonlinear partial differential37

equations of the reaction-diffusion type, which represent the compartments of transmit-38

ting mosquitoes M , individuals susceptible to dengue S, individuals infected with dengue39

I, recovered individuals R, and vaccinated individuals V . The adaptation aims to docu-40

ment the impact of the vaccine during a dengue epidemic in the summer season, within an41

irregular boundary domain representing the municipality of Seropédica, Rio de Janeiro.42

The nonlinear model includes diffusion terms that characterize the spatial-temporal43

displacement of vectors and individuals, and reaction terms that represent interactions44

between hosts and vectors. Finding an exact analytical solution to the model in real-world,45

dynamic scenarios is infeasible because it involves biological phenomena and requires46

accurate computational methods that preserve physical and biological conditions.47

The numerical implementation proposed in this study is based on the Finite Element48

Method cite hughes for spatial discretization of the domain, owing to its ability to handle49

complex geometries. In addition to the Crank-Nicolson Method[7], which is a second-order50

method that offers unconditional stability, and the Newton Method[9], which linearizes51

the system and advances it in time.52

Numerical verification of the methods applied to any computational model is essential53

when performing simulations in practical scenarios, in order to analyze the degree of54

convergence, determine the appropriate spatial and temporal discretization parameters,55

and analyze the accuracy of the methods[10] for the selected domain and period. To verify56

the methods, the Manufactured Solutions Method[11] is applied, and the expected decay57

of the numerical error is recorded as the mesh is refined.58

Finally, the model is simulated, incorporating geographic data from IBGE [12] within59

the municipal domain of Seropédica (RJ), using the biologically validated parameters60

from the analytical study by Gomes (2009). The MSIRV model simulation transforms61

numerical analysis into a practical tool for health management.62

The coupling of geographic data from Seropédica allows the simulation to reflect the63

environmental conditions that favor the proliferation of Aedes aegypti in the municipality.64

The objective of this article is to verify the numerical stability of the MSIRV model with65

computational numerical methods in an epidemic situation and to present the effectiveness66

of dengue dynamics under the effect of vaccination[25].67

This research, in Section 2, presents the extension of the MSIR spatiotemporal model68

to the MSIRV model for the municipality of Seropédica, incorporating vaccination dynam-69

ics. Section 3 describes the numerical methodology, including the Finite Element Method,70

the Crank-Nicolson Method, and the Newton Method, and presents model verification us-71

ing the Manufactured Solutions Method. Section 4 presents a study on the spatial domain72

used for the simulation. Section 5 discusses the results of the computational simulations,73

followed by the conclusion in Section 7.74

The research is based on the robust MSIR (Mosquito - Susceptible - Infected - Re-75

covered) compartmental structure developed by Gomes (2009)[5] to model vaccination76

dynamics in Seropédica. The model is a natural extension of the SIR (Susceptible - In-77

fected - Recovered) model[13], established by epidemiologists William Ogilvy Kermack78

and Anderson Gray McKendrick in 1927, and expressed by equations (1)-(3).79
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∂S

∂t
= −βSI; (1)

∂I

∂t
= βSI − σI; (2)

∂R

∂t
= σI (3)

The transition dynamics between the compartments S, I, R is governed by the products80

βSI and σI, which correspond to the rate of infection and recovery from the disease.81

• Spatial dynamics of the MSIR model82

The dengue propagation dynamics of the MSIR model, as established by Gomes83

(2009)[5], describe the interaction between the transmitting mosquitoesM and the human84

populations (susceptible S, infected I, and recovered R). The consolidated MSIR model85

by Gomes (2009) considers the spatial distribution of mosquitoes and individuals through86

diffusion terms, resulting in the system of nonlinear partial differential equations pre-87

sented in (4)-(7). The domain Ω in this work represents the topology of the municipality88

of Seropédica, Rio de Janeiro.89

Let Ω ⊆ R2 be the spatial domain and [0, Ts] the time interval of the simulation. The90

system is governed by the state functions M,S, I,R defined in Ω× [0, Ts]. The function91

M(x, y, t) represents the density of transmitting vectors, while the human population is92

divided into densities of susceptible S(x, y, t), infected I(x, y, t), and recovered R(x, y, t)93

individuals.94

∂M

∂t
−∇ · αM∇M = (ν − µ)M , for (x, y) ∈ Ω e t ∈ (0, Ts]; (4)

∂S

∂t
−∇ · αH∇S = −βMS , for (x, y) ∈ Ω e t ∈ (0, Ts]; (5)

∂I

∂t
−∇ · αH∇I = βMS− σI , for (x, y) ∈ Ω e t ∈ (0, Ts]; (6)

∂R

∂t
−∇ · αH∇R = σI , for (x, y) ∈ Ω e t ∈ (0, Ts]. (7)

The mobility of mosquitoes and individuals is characterized by the diffusive terms95

∇ · αM∇M and ∇ · αH∇. In biological terms, the parameters ν and µ represent, respec-96

tively, the birth rate and the decay of the mosquito population. The evolution of the97

disease depends on the transmission parameter β and the recovery parameter σ.98

• Extension with vaccination control99

In this step, the model is expanded, preserving the original formulation by Gomes100

(2009)[5, 8], to incorporate intervention strategies. The state function V(x, y, t) was101

inserted to characterize the density of vaccinated individuals. The transition from sus-102

ceptible to vaccinated individuals is governed by the temporal control parameter λ(t).103

In the partial differential equations (8)-(12) of the MSIRV model, it is considered that104

the vaccine reduces the susceptible population, so that it still has the possibility of being105

infected, but not severely enough to transition to the infected compartment I.106
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∂M

∂t
−∇ · αM∇M = (ν − µ)M , for (x, y) ∈ Ω e t ∈ (0, Ts]; (8)

∂S

∂t
−∇ · αH∇S = −βMS− λ(t)S , for (x, y) ∈ Ω e t ∈ (0, Ts]; (9)

∂I

∂t
−∇ · αH∇I = βMS− σI , for (x, y) ∈ Ω e t ∈ (0, Ts]; (10)

∂R

∂t
−∇ · αH∇R = σI , for (x, y) ∈ Ω e t ∈ (0, Ts]; (11)

∂V

∂t
−∇ · αH∇V = λ(t)S , for (x, y) ∈ Ω e t ∈ (0, Ts]; (12)

According to records from the state health department[14], the municipality of Seropédica107

began vaccination in February 2024. This data, modeled by the parameter λ(t), which108

represents the vaccine control rate, is set to a nonzero constant from the start of the109

official calendar in February 2024.110

One property of the MSIRV model is the conservation of mass in the system. This111

property is characterized by Neumann boundary conditions across the entire boundary of112

the domain Ω. Thus, the MSIRV model considers the municipality of Seropédica to be113

an isolated system, where the variation and flow of M,S, I, R, V occur only internally.114

The numerical methods used to solve the nonlinear system of equations are the Finite115

Element Method for spatial discretization, the Crank-Nicolson Method for temporal ap-116

proximation, and the Newton Method for linearization and calculation of the solution of117

the resulting discretized system.118

2 Methodology119

This chapter presents the spatial and temporal discretization process using the Finite120

Element Method and the Crank-Nicolson Method, respectively, as well as the method used121

to linearize the system of partial differential equations. The numerical implementation is122

briefly verified using the MSIR model core to assess the convergence of the methods for123

the Seropédica grid. This verification ensures stability of the MSIRV model, since it is an124

extension of the dynamics of the original MSIR system.125

• Finite Element Method126

Let the test function space be vn ∈ W k,p(Ω), called the Sobolev space over the do-127

main Ω of the municipality of Seropédica. According to Adams and Fournier[15], the128

Sobolev space is a vector space whose elements are functions defined on an open domain129

in Euclidean Rn, whose partial derivatives satisfy specific integrability conditions[16].130

According to Damian and Nascimento[17]:131

The Sobolev space W k,p(Ω) covers all functions u : Ω −→ R, where for each multi-132

index α with |α| ≤ k, Dαu exists in the weak sense and belongs to Lp(Ω), and can133

be written as W k,p(Ω) = {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω) for all |α| ≤ k}.134

In this study, the state functions M,S, I,R are denoted by functions u ∈ Lp(Ω),135

ensuring that the integration of the densities of M,S, I, R over the domain Ω results in136
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finite values, satisfying the Sobolev conditions necessary for the convergence of numerical137

methods.138

The notation Lp(Ω) is defined by the Lebesgue space and Dαu are partial derivatives139

of u, where the multi-index a defines the order of this partial derivative. The spatial140

domain Ω ⊂ R2 represents the limited region of the municipality of Seropédica.141

The weak form, or variational form, is obtained by applying the Divergence Theorem142

to the MSIRV system equations, which allows the order of the derivatives of the diffusion143

terms ∇ · α∇ to be reduced, and by multiplying this system of equations by test functions144

vn, which allow partial differential equations to be converted into integrals belonging to145

the space W 1,2(Ω), where k = 1 guarantees the existence of first-order derivatives in the146

weak sense and p = 2 guarantees the existence of the inner product.147

In the weak formulation, the terms Mg,Sg, Ig,Rg represent the global solutions for148

the entire spatial mesh, calculated iteratively at each discrete time step. Integrating the149

equations over the domain Ω, we obtain the following weak forms (13)-(16) of the system:150

∫
Ω

∂Mg

∂t
· vndΩ +

∫
Ω

(αM∇Mg) · (∇vn)dΩ−
∫
Ω

(νMg − µMg + f0)vndΩ = 0 (13)∫
Ω

∂Sg

∂t
· vndΩ +

∫
Ω

(αH∇Sg) · (∇vn)dΩ +

∫
Ω

βMgSg · vndΩ

−
∫
Ω

f1 · vndΩ = 0 (14)∫
Ω

∂Ig
∂t

· vndΩ +

∫
Ω

(αH∇Ig) · (∇vn)dΩ −
∫
Ω

(βMgSg − σIg) · vndΩ

−
∫
Ω

f2 · vndΩ = 0 (15)∫
Ω

∂Rg

∂t
· vndΩ +

∫
Ω

(αH∇Rg) · (∇vn)dΩ−
∫
Ω

(σIg) · vndΩ

−
∫
Ω

f3 · vndΩ = 0 (16)

The discretization of the spatial domain Ω was performed using Gmsh software[18],151

generating a mesh (1) composed of triangular elements, representing the municipality of152

Seropédica. The mesh transforms the continuous domain into a union of simple subdo-153

mains.154

In the Finite Element Method, the quality of spatial discretization is essential for the155

convergence of the method. Mesh refinement minimizes interpolation error among the156

state variables M,S, I,R, ensuring the necessary accuracy for computational simulations157

that incorporate biological parameters.158
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Figure 1: Discretized domain with 750 nodes and 1392 finite elements.

The next topic details the temporal discretization and the treatment of the system’s159

nonlinear terms.160

• Crank-Nicolson method and system resolution161

For temporal discretization, the Crank-Nicolson method was adopted, a second-order162

implicit method with a single time step. The discretizations of the transient terms (17)-163

(20) are expressed by the difference centered at t(n+1)/2, connecting the known solution at164

step tn, starting from t = 0 (initial conditions), and the unknown at the next time step165

tn+1.166

∂Mg

∂t

∣∣∣∣
[tn,tn+1]

≈
Mn+1

g −Mn
g

∆t︸ ︷︷ ︸
Transient Term

=
1

2

[
F (Mn+1

g ) + F (Mn
g )
]

(Mosquitoes) (17)

∂Sg

∂t

∣∣∣∣
[tn,tn+1]

≈
Sn+1
g − Sn

g

∆t︸ ︷︷ ︸
Transient Term

=
1

2

[
F (Sn+1

g ) + F (Sn
g )
]

(Susceptible) (18)

∂Ig
∂t

∣∣∣∣
[tn,tn+1]

≈
In+1
g − Ing
∆t︸ ︷︷ ︸

Transient Term

=
1

2

[
F (In+1

g ) + F (Ing )
]

(Infected) (19)

∂Rg

∂t

∣∣∣∣
[tn,tn+1]

≈
Rn+1

g −Rn
g

∆t︸ ︷︷ ︸
Transient Term

=
1

2

[
F (Rn+1

g ) + F (Rn
g )
]

(Recovered) (20)
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In this method, the operator F (Φ) represents the sum of the diffusion and reaction167

terms associated with the state variable Φ.168

The infection term βMS represents a nonlinearity that prevents the direct solution169

of the MSIR model’s system of algebraic equations. In this case, Newton’s method was170

used to linearize the problem and solve it iteratively at each time step. The complete171

form, with spatial discretization and the Crank-Nicolson method applied, takes the form172

(21)-(24):173

∫
Ω

Mn+1
g

∆t
· vndΩ +

1

2

∫
Ω

(αM∇Mn+1
g ) · (∇vn)dΩ− 1

2

∫
Ω

(νMn+1
g − µMn+1

g ) · vndΩ

=

∫
Ω

Mn
g

∆t
· vndΩ

− 1

2

∫
Ω

(αM∇Mn
g ) · (∇vn)dΩ +

1

2

∫
Ω

(νMn
g − µMn

g ) · vndΩ (21)∫
Ω

Sn+1
g

∆t
· vndΩ +

1

2

∫
Ω

(αH∇Sn+1
g ) · (∇vn)dΩ +

1

2

∫
Ω

βMn+1
g Sn+1

g · vndΩ

=

∫
Ω

Sn
g

∆t
· vndΩ

− 1

2

∫
Ω

(αH∇Sn
g ) · (∇vn)dΩ− 1

2

∫
Ω

βMn
gS

n
g · vndΩ (22)∫

Ω

In+1
g

∆t
· vndΩ +

1

2

∫
Ω

(αH∇In+1
g ) · (∇vn)dΩ +

1

2

∫
Ω

σIn+1
g · vndΩ

=

∫
Ω

Ing
∆t

· vndΩ

− 1

2

∫
Ω

(αH∇Ing ) · (∇vn)dΩ− 1

2

∫
Ω

σIng · vndΩ

+
1

2

∫
Ω

β(Mn+1
g Sn+1

g +Mn
gS

n
g ) · vndΩ (23)∫

Ω

Rn+1
g

∆t
· vndΩ +

1

2

∫
Ω

(αH∇Rn+1
g ) · (∇vn)dΩ

=

∫
Ω

Rn
g

∆t
· vndΩ

− 1

2

∫
Ω

(αH∇Rn
g ) · (∇vn)dΩ

+
1

2

∫
Ω

σ(In+1
g + Ing ) · vndΩ (24)

This system can be represented in a compact form by a global residual vectorRg(u
n+1)174

that represents the deviation of the solution, at a given time step, from the equilibrium175

of the discretized equations. Since the term βMgSg is nonlinear in the equations for176

susceptible individuals and infected individuals, Newton’s method is applied.177

The Newton method solves the system iteratively using the Jacobian matrix J, present178

in (25), whose elements are the partial derivatives of each of the five global residu-179

als, exposed in equations (21)- (24), in relation to each variable of the solution vector180
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u = [Mg,Sg, Ig,Rg]
T .181

182

J =



∂RM

∂Mg

∂RM

∂Sg

∂RM

∂Ig

∂RM

∂Rg

∂RS

∂Mg

∂RS

∂Sg

∂RS

∂Ig

∂RS

∂Rg

∂RI

∂Mg

∂RI

∂Sg

∂RI

∂Ig

∂RI

∂Rg

∂RR

∂Mg

∂RR

∂Sg

∂RR

∂Ig

∂RR

∂Rg


(25)

183

184

In the matrix structure, each element Ji,j =
∂Ri

∂uj
describes the influence of compartment185

j on the equation of compartment i. That is, the Jacobian matrix must organize biological186

interactions (linked to reaction terms) and spatial interactions (linked to diffusion terms)187

into a single structure, thereby enabling Newton’s method to linearize and solve the system188

iteratively at each fixed time step, with ∆t = 0.5 in Crank-Nicolson’s method.189

In Newton’s method, at each iteration k, a correction ∆uk is calculated for the solution190

through the system (26):191

J(un+1,k)∆uk = −Rg(u
n+1,k) (26)

This correction step ∆uk has the function of adjusting the solution of all compartments192

simultaneously so that accuracy is achieved, until a tolerance (stop criterion) defined at193

10−8 is reached.194

To verify the numerical implementation with the spatial mesh of the municipality of195

Seropédica, a spatial convergence analysis was performed using the Manufactured So-196

lutions Method[26], in which an exact solution ug(x, y, t) = (1 + t)(x2 + y2) and the197

error norm between the computational solution obtained and the analytical solution was198

calculated for different mesh refinements.199

The discretization errors were analyzed for three different refinements[28], setting200

∆t = 0.05. The initial mesh consists of 750 nodes and 1392 finite elements. The first re-201

finement, based on this mesh, resulted in 2891 nodes and 5568 finite elements. The second202

refinement obtained 11,349 nodes and 22,400 elements. According to table 1, the numer-203

ical verification demonstrated convergence of the computational solution for the applied204

methods, which confirms the consistency of the structure and the correct implementation205

of the model.206

Table 1: Spatial convergence analysis for the computational solution.
Refinement Nodes Elements Global error
Original mesh 750 1392 1.5546× 10−4

Refinement 1 2891 5568 3.6295× 10−5

Refinement 2 11349 22272 8.8209× 10−6

8
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It can be observed that, by quadrupling the number of finite elements in the mesh, the207

global error is reduced by a factor of 4, reaching the order of 10−6 for the third refinement.208

The graph shows the behavior of the global error norm relative to the theoretical reference209

line, which has a slope of 2, as expected for the second-order Crank-Nicolson method. In210

this graph, the error curve appears to be approximately parallel to the reference line. This211

factor confirms the convergence of the methods and the model’s correct implementation.212

Figure 2: Straight line reference and global error

After verifying the computational implementation of the methods coupled to the MSIR213

model, the next section examines the spatial domain and performs a simulation with214

realistic parameters using the MSIRV model. This step defines system conditions and215

parameters, taking into account geographic and climatic data, individual and mosquito216

densities, and vaccination dynamics.217

3 Domain study and parameter formulation218

For the study of domain Ω, while the classic SIR model uses a homogeneous popula-219

tion, the MSIRV model considers spatial heterogeneity by dividing the municipality of220

Seropédica into three distinct regions.221

9
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The heterogeneity in this study is represented by the demarcation of the municipality222

into three distinct regions (red, orange, and yellow), as shown in figure (3), in which each223

region has a geographical characteristic, as represented in table 2:224

Figure 3: Demarcation of domain Ω (municipality of Seropédica, RJ) into three distinct
regions.

The model’s determinations of geographic areas and population distribution were225

based on inferential analysis, given the scarcity of detailed official information at the226

neighborhood level. Therefore, the values were based on territorial landmarks and data227

from the Brazilian Institute of Geography and Statistics (IBGE)[12].228

Region 1 was delimited by the Campo Lindo neighborhood, which covers approxi-229

mately 14.4 km² and has 15,573 inhabitants[12], and by the area occupied by the Federal230

Rural University of Rio de Janeiro, which covers approximately 30.24 km²[19]. Thus, the231

total area of this region was set at approximately 45 km².232

For region 2, the Areeiro District of Piranema was considered, with an average area of233

50 km²[20], the Canto do Rio neighborhood, with approximately 0.5 km², based on the234

donation of 50 hectares by INCRA[21], and Fazenda Caxias, which has plots of varying235

sizes (between 214 m2 and 4,050 m2). Therefore, the total area of region 2 was calculated236

to be approximately 100 km2.237

Region 3 was defined as 120.3 km²; this value was established as a geographical residue238

in order to complete the total area of the municipality of Seropédica, which is equivalent239

to 265,289 km². Population distribution estimates for the year 2024 were made similarly240

for each region:241

10
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Table 2: Area and estimated population by region for the municipality of Seropédica.
Region Area (km2) Population Density (N◦/km2)
Region 1 (yellow) 45.0 20,000 444.4
Region 2 (orange) 100.0 30,000 300
Region 3 (red) 120.3 38,000 315.88

To define the simulation period, the months from December 2023 to March 2024 were242

analyzed using meteorological data from INMET (National Institute of Meteorology) [22].243

High rainfall during this period is a major environmental factor contributing to the244

onset of a dengue epidemic. High rainfall can cause water to accumulate in containers,245

depressions in the ground, and gutters, creating ideal breeding grounds for mosquitoes.246

The temperatures and rainfall recorded by the National Institute of Meteorology were247

adapted in figure (4) for the municipality of Seropédica.248

Figure 4: Precipitation and average temperature forecast by INMET for the summer
quarter.

Information on climate trends enables connections between model variables and local249

phenomena, such as vector proliferation and its impact on disease spread. The choice of250

the simulation period is reflected in the observation that dengue transmission is exacer-251

bated in the summer, thereby increasing the incidence of reported cases. In this context,252

public health interventions are essential, including vaccination as a control measure.253

According to the Ministry of Health [23], vaccination was administered on February254

23, 2024, in the municipality, with approximately 2,159 doses. Thus, the parameter that255

indicates the vaccination rate λ(t) of the municipality can be expressed as a function of256

simulation time t:257
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λ(t) ≈
{

0.00064/day, if t ≥ 23/02/2024
0, ift < 23/02/2024

(27)

In the spatial propagation model of dengue fever, the evolution and distribution of258

the disease are simulated using initial and boundary conditions. For the vector compart-259

ments M , susceptible individuals S, infected individuals I, recovered individuals R, and260

vaccinated individuals V , the initial conditions are the state of the system at time t = 0.261

To ensure the biological consistency of the model, this study adapts the reference262

parameters consolidated in the methodology of Gomes (2009)[5] for the municipality of263

Seropédica. Therefore, the initial density of infected individuals was set at 0.005 inhabi-264

tants/km² and the initial density of vectors at 300 vectors/km², aiming to represent the265

initial stage of an epidemic. According to the methodology of Gomes (2009), the initial266

condition for susceptible individuals was characterized by the population density of each267

region subtracted from the density of infected individuals, as in (28):268

S(x, y, 0) = Population density− 0.005 inhabitants/km2 (28)

The initial condition values for the simulation in Seropédica are presented in table269

3, where the initial conditions for all individuals S, I, R, V respect the total population270

density (N◦/km2) for each region.271

Table 3: Initial conditions for the MSIRV epidemiological model by region (Density).
Region M(0) S(0) I(0) R(0) V (0)
Region 1 300 444.39 0.005 0 0
Region 2 300 299.99 0.005 0 0
Region 3 300 315.87 0.005 0 0

Table 4: Biological and dispersion parameters calibrated for the municipality of
Seropédica, based on the analysis by Gomes (2009).

Parameter Definition Value
αH Human dispersion coefficient 0.010 km2/day
αM Mosquito dispersion coefficient 0.0010 km2/day
β Dengue propagation speed 0.00002/day
ν Vector birth rate 0.04/day
µ Vector mortality rate 0.03/day
σ Recovery rate 0.14/day
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∂M

∂t
−∇ · αM∇M = νM − µM , para (x, y) ∈ Ω e t ∈ (0, Ts]; (29)

∂S

∂t
−∇ · αH∇S = −βMS − λ(t)S , para (x, y) ∈ Ω e t ∈ (0, Ts]; (30)

∂I

∂t
−∇ · αH∇I = βSM − σI , para (x, y) ∈ Ω e t ∈ (0, Ts]; (31)

∂R

∂t
−∇ · αH∇R = σI , para (x, y) ∈ Ω e t ∈ (0, Ts]; (32)

∂V

∂t
−∇ · αH∇V = λ(t)S , para (x, y) ∈ Ω e t ∈ (0, Ts]; (33)

The adjustments calibrate the model to the municipality’s local dynamics while pre-272

serving the canonical structure of the dispersion and transition terms established in the273

reference study, thereby ensuring simulation consistency.274

4 Results275

This section presents the results of the numerical simulation of the MSIRV model for the276

period from December 1, 2023, to March 31, 2024, totaling 122 days of projection. This277

interval encompasses the period of highest rainfall and temperature in the municipality278

of Seropédica.279

The simulation graphs were generated using ParaView software[24], at the initial time280

t = 0, equivalent to December 1, 2023, until time t = 122, referring to the end of the281

simulation on March 31, 2024. For infected individuals, the epidemic peak occurs on282

January 28 (t = 58) in the simulation.283

(a) Vector Density (hab/km2) at t = 0. (b) Vector Density (hab/km2) at t = 122.

Figure 5: Mosquito density M throughout the simulation.

In figure (4), it is possible to observe the exponential growth of transmitting mosquitoes284

throughout the simulation. This growth is caused by birth rates ν that are higher than285
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mortality rates µ, which ensure that there are enough vectors to sustain the epidemic286

throughout the simulation time, even with a low infection rate β.287

(a) Susceptible Density (hab/km2) at t = 0. (b) Susceptible Density (hab/km2) at t = 122.

Figure 6: Density of susceptible individuals S throughout the simulation.

The graph (6(b)) shows, in its blue coloring in region 1, at the end of the simulation,288

that not all susceptible individuals were infected during this period. That is, dengue fever289

did not affect 100% of the local population, and there remain individuals who have not290

moved into the vaccinated compartment V . The purple color in this graph indicates that291

the individuals present in these regions were infected and have recovered.292
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(a) Infection Density (hab/km2) at t = 0. (b) Infection Density (hab/km2) at t = 62.

(c) Infection Density (hab/km2) at t = 122.

Figure 7: Density of infected individuals I throughout the simulation.

For the compartment of infected individuals in figure (7), it can be observed that at293

t = 0 (December 1, 2023), the infection is not yet visible in the domain. At t = 58 (January294

28, 2024), the highest number of infections occurs; in region 1, with the highest population295

density, the density of infected individuals reaches approximately 25 inhabitants per km².296

In addition, the peak in infections precedes the start of vaccination in the municipality297

(February 23, 2024). figure (7(c)), at t = 122 (March 31, 2024), shows that the density298

of infected individuals reaches approximately 15 to 20 inhabitants per km2 and does299

not reach zero completely, indicating that dengue remains active in the area and not all300

infected individuals have recovered or been vaccinated.301
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(a) Recovery Density (hab/km2) at t = 122. (b) Vaccine Density (hab/km2) at t = 122.

Figure 8: Density of vaccinated individuals V throughout the simulation.

The density of vaccinated individuals at t = 122, in figure (8(b)), has values between302

4 and 6 inhabitants per km2 in the municipality. These values are consistent with the303

slow vaccination rate in the area (λ(t) = 0.0008), attributable to the limited number of304

doses distributed (2,159) and the relatively late start on February 23, 2024.305

Therefore, the vaccine intervention was delayed, as it began after the infection peaked306

(January 28). In addition, the number of vaccine doses, given the municipality’s popula-307

tion size and geographic area, was insufficient to effectively vaccinate the population and308

was effective only at the end of the simulation, when most individuals had already been309

infected.310

The results obtained are essential for computational modeling. By simulating realistic311

scenarios, the model can generate epidemics without instability and highlights the need for312

early interventions, such as controlling mosquito proliferation, avoiding the accumulation313

of standing water, and administering vaccines early [1].314

5 Conclusions315

The research in this study demonstrated that the MSIRV model provides a consistent316

representation of the spatiotemporal dynamics of dengue, particularly when accounting317

for the influence of interventions.318

The simulation graphs indicated that the inclusion of the vaccinated compartment V319

consistently represented the density of vaccinated individuals and the spatial rhythm of320

this compartment under the domain. The results reaffirm the structural effectiveness of321

the MSIR base model proposed by Gomes (2009)[5], which provides a fundamental and322

reliable framework for extending the presented vaccination dynamics. The simulation323

enabled analysis to extend beyond the theoretical level. Thus, it was possible to identify324

the locations with the highest population density and those requiring greater attention325

for combat and intervention measures within the municipality.326

The Finite Element Method coupled with the Crank-Nicolson Method demonstrated327
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stability and spatial convergence, demonstrating the applicability of high-order methods to328

epidemiological problems involving domains with complex contours[27]. In addition, the329

Newton method handled the nonlinear components of the system, ensuring the necessary330

accuracy for interpreting biological data.331

Verification using the Manufactured Solutions Method was essential for analyzing spa-332

tial convergence for the grid depicting the municipality. Through this method, the fluidity333

of the Crank-Nicolson Finite Element Method was observed, as evidenced by a reduction334

in overall error as refinement was applied, as required by numerical analysis.335

Therefore, the simulation’s success and its applicability to real-world scenarios en-336

courage the continued use of computational models to combat epidemics in the target337

location.338
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http://www.accamtas.com.br/.393

[21] Instituto Nacional de Colonização e Reforma Agrária (INCRA), Página Oficial do394
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