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Abstract

Uncertainty and reliability analyses are essential for evaluating the performance
and safety of engineering systems subject to variability in parameters, operat-
ing conditions, and modeling assumptions. This paper presents a comprehensive
review of classical and modern approaches for uncertainty quantification and
reliability assessment. Three main methodological frameworks are addressed:
probabilistic, fuzzy, and interval-based methods. Probabilistic approaches, such
as the Monte Carlo Simulation (MCS), First-Order Reliability Method (FORM),
and Second-Order Reliability Method (SORM), are discussed as rigorous tools
for modeling randomness when sufficient statistical data are available. Fuzzy
and interval methods are examined as alternatives to represent epistemic uncer-
tainty when probabilistic information is limited or unavailable. The comparative
analysis highlights the advantages, limitations, and applicability of each method
in engineering contexts. The results emphasize that the choice of approach
depends on the nature of uncertainty, data availability, and computational con-
straints. The study concludes that integrating probabilistic and non-probabilistic
frameworks offers a promising pathway toward more robust and interpretable
uncertainty analysis in complex systems.

Keywords: Uncertainty Analysis, Reliability, Robust Design, Mechanical Systems

1 Introduction

Uncertainty quantification (UQ) refers to the systematic process of identifying, char-
acterizing, and propagating uncertainties in mathematical and computational models
of physical systems. In contrast to reliability analysis—which primarily evaluates the



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.13705

likelihood of failure—UQ aims to provide a comprehensive representation of how
uncertainties in model parameters, boundary conditions, or input data affect system
responses. The overarching goal is to improve confidence in model predictions and to
support robust design and decision-making under uncertainty [1].

Uncertainties can be broadly categorized into two types:

® Aleatory uncertainty, also called stochastic or inherent variability, represents nat-
ural randomness associated with physical phenomena, such as material properties,
environmental conditions, or operational loads.

e Epistemic uncertainty, associated with incomplete knowledge, modeling simplifi-
cations, or insufficient data, which can in principle be reduced with additional
information.

In classical uncertainty quantification, random variables
X =(Xy,Xo,...,Xp) (1)

are used to describe uncertain model parameters, each characterized by a proba-

bility density function (PDF), cumulative distribution function (CDF), and statis-

tical moments. When probabilistic information is scarce, non-probabilistic frame-

works—such as interval analysis, fuzzy set theory, or evidence theory—can be

employed to represent uncertainty in a more general or less data-demanding form.
The process of UQ generally comprises four main stages [2]:

1. Identification: defining the main sources and types of uncertainty;

2. Representation: modeling uncertainties via probability distributions, intervals, or
fuzzy variables;

3. Propagation: evaluating how uncertainties in inputs affect outputs through analyt-
ical, numerical, or surrogate-based methods;

4. Reduction: mitigating the effects of uncertainty through sensitivity analysis,
calibration, or robust optimization.

Through these stages, UQ provides a quantitative understanding of model credibil-
ity, enabling engineers and scientists to assess the variability and confidence associated
with simulation results, thus supporting more reliable predictions and informed design
decisions.

In this manuscript, different approaches for uncertainty and reliability analysis
are investigated, emphasizing probabilistic, fuzzy, and interval-based methods. The
theoretical foundations of each approach are presented and compared, highlighting
their assumptions, advantages, and limitations in engineering applications. Particular
attention is given to classical probabilistic techniques such as the Monte Carlo Simu-
lation (MCS), First-Order Reliability Method (FORM), and Second-Order Reliability
Method (SORM), as well as to non-probabilistic frameworks that address epistemic
uncertainty through fuzzy and interval representations.

The remainder of this paper is organized as follows. Section 2 presents the main
concepts and formulations of uncertainty analysis, including probabilistic, fuzzy, and
interval methods. Section 3 discusses reliability assessment techniques under these
different uncertainty representations. Section 4 shows the main definitions of robust
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design. Section 5 presents several applications of the numerical methods to mechanical
structures and mechanisms. Finally, Section 7 summarizes the key findings and pro-
vides concluding remarks on the applicability and future perspectives of uncertainty
and reliability analysis methods.

2 Uncertainty Analysis

Uncertainty analysis aims to systematically assess how imprecision, variability, and
incomplete knowledge in model parameters or inputs affect the predicted outputs
of engineering and scientific systems. Several methodological frameworks have been
developed to represent and propagate uncertainties, each with its own assumptions
and applicability. Probabilistic methods rely on probability theory to characterize
randomness, fuzzy methods are based on fuzzy set theory to capture vagueness and
imprecision, and interval methods employ interval arithmetic to handle bounded
but non-probabilistic uncertainty. Together, these approaches provide complementary
tools for understanding and mitigating the impact of uncertainty in modeling and
decision-making.

2.1 Probabilistic Methods

Classical methods for uncertainty analysis are grounded in probability theory, where
uncertainties are modeled as random variables or random processes with known prob-
ability distributions. The goal is to characterize how input uncertainties propagate
through a system model and affect the output performance or reliability. Three main
classes of probabilistic techniques are highlighted: probability theory, Monte Carlo
simulation, and local expansion-based methods.

2.1.1 Probability Theory

In probabilistic modeling, uncertainties are described by probability density functions
(PDFs), cumulative distribution functions (CDF's), and their associated statistical
moments (mean, variance, skewness, etc.). Given a performance function ¢g(X) depend-
ing on a set of random variables X = (X1, Xo, ..., X,;), the distribution of the output
can be derived through analytical transformations, whenever feasible. This framework
provides the basis for reliability analysis, where the probability of failure is often
expressed as

Py =P[g(X) <0]. (2)

2.1.2 Monte Carlo Simulation

Monte Carlo simulation (MCS) is a widely used numerical method for propagating
uncertainties. The basic idea is to generate a large number N of random samples
of the input vector X according to their joint probability distribution, evaluate the
corresponding outputs ¢g(X;), and then approximate the statistics of interest. For
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instance, the failure probability can be estimated as

R 1
Py =5 2 1(9(X:) <0), (3)

where I(-) is the indicator function. Although conceptually simple and highly flexible,
MCS is computationally expensive, especially for rare-event probability estimation or
for complex models with high evaluation costs.

2.1.3 Local Expansion-Based Methods

To reduce computational burden, local approximation methods expand the perfor-
mance function g(X) around a reference point (often the mean value of the random
variables). Two common techniques are:

Taylor Series Expansion.

The performance function can be approximated by a Taylor expansion around the
mean f:

9(X) ~ g(p) + V()" (X — p) + 3(X = p)"H(pw)(X — p), (4)

where Vg is the gradient vector and H is the Hessian matrix of second derivatives.
This allows estimation of output mean and variance using input statistics without
resorting to full simulation.

Perturbation Method.

The perturbation method is a special case of Taylor expansion that truncates higher-
order terms, typically retaining only the linear or quadratic terms. It is efficient for
small input variances and smooth performance functions, providing analytical approx-
imations of output moments. However, its accuracy deteriorates when the system
exhibits strong nonlinearities or when uncertainties are large.

In summary, classical probabilistic approaches provide a rigorous framework for
uncertainty quantification. Probability theory establishes the foundations, Monte
Carlo simulation offers generality at the expense of high computational cost, and local
expansion-based methods provide efficient but approximate solutions.

2.2 Interval Methods

The interval problem consider, related to interval analysis, consists of calculating the
variation in the output of a model of a system represented by the function f applied
to a set of parameters p [3]. The relationship between the input parameters and the
output y is defined by:

y = f(p) (5)
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The main objective of interval analysis is to calculate the variation of the output
y of the system model considering that the set of parameters p can vary between a
lower bound p; and an upper bound p,. Consequently:

y=f(p) (6)

with:
p = [p1, P/ (7)
¥ = lu, vl (8)

f is the interval function that represents the relationship between the input interval
and the output interval.

Two main strategies have been used to calculate the interval output g: i) global
optimization [4] and ) interval arithmetic [5]. In this work, the first strategy will be
used: global optimization.

In global optimization, the resulting interval is calculated by maximizing and min-
imizing the objective function f in the domain p corresponding to the uncertain
parameters, thus:

y = min f(p) 9)
yi = max f(p) (10)

The strategy allows you to find the upper and lower bounds of the output variation.
However, the computational cost can be very high, especially when analyzing systems
with complex computational models and many uncertain parameters.

2.3 Fuzzy Methods

In several cases, some parameters of the systems can not be accurately estimated due
to small variations around its nominal value. In these cases, these parameters can
be modeled by means of fuzzy variables. As mentioned above, the fuzzy set theory
was initially formulated by [6] to represent vague or ambiguous information. Thereby,
it is possible to represent inaccurate or uncertain parameters by using fuzzy vari-
ables, specially when the stochastic process which models the uncertain parameter is
unknown.

[7] represented a fuzzy variable as intervals weighted by a membership function
using the a-level representation. In this contribution, the methodology to analyze the
fuzzy uncertainties is based on a-level technique presented by [8]. The basic concepts
of the fuzzy variables are introduced next.

2.3.1 Fuzzy Variables

Let X be an universal classical set of objects whose generic elements are denoted
x. The subset A (where, A € X) is defined by the classical membership function
pua : X — {0,1} (see Fig. 1(a)). Furthermore, a fuzzy set A is defined by means of
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the membership function pa : X — [0,1], where [0,1] is a continuous interval. The
membership function indicates the degree of compatibility of the element = to A. The
closer the value of p4(z) to “1”, the more = belong to A.

py(@) A A
10---- :
00
z,
(a) Fuzzy set. (b) a-levels.

Fig. 1 Fuzzy set and a-level representation.

Thus, the fuzzy set is completely defined by:

A= {(2.pa@)) |z € X}, where, 0 < jia <1 (1)
For computational purposes, the fuzzy set A can be represented by means of sub-

sets thath are denominated a-levels. These subsets, which correspond to real and
continuous intervals, are defined by A,, (see Fig. 1(b)), thus:

Ap, ={x e X, pal(z) > ax} (12)
The a-level subsets of A have the property:

A, CA Vo, ar €(0,1] with a; <ag (13)
If the fuzzy set is convex (in the unidimensional case), each a-level subset A,
corresponds to the interval [zq, [, Ta,r] Where:

Tay = minfz € X|pa(z) > ag]
Tayr = max[z € X|pa(x) > ag] (14)

2.3.2 Fuzzy Random Variables

The fuzzy random variables were defined perviously by [9]. According to the probabil-
ity theory, the space of random elementary events € is presented. A fuzzy realization
of the form Z(w) = Z C X is assigned to each elementary event w € €. Accordingly, a
fuzzy random variable X is the fuzzy result of the uncertain mapping

Q — F(R") (15)
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where F(R") is the set of all fuzzy numbers in R". Each real random variable X on
X is contained in X. R
Based on this definition, a fuzzy random variable X can be described by a fuzzy

cumulative distribution function F'(z). The fuzzy cumulative distribution function
F(z) of X is the set of probability distribution function of all originals X j of X with

membership values u(F(Z)). As a result, a fuzzy functional value F(x;) belongs to

each value x; (see Fig. 2(a)). The fuzzy probability distribution function F'(z) can also
also be written in a parametric form (see Fig. 2(b)).

F(z) = F(3,z) (16)
Thereby, for numerical computation, the a-discretization is properly used.
F(38,2) = {Fa(2); p(Fa(z)) = [Finin,a(2); Fnax,a(2)], p(Fa(z)) = aVa € (0,1]} (17)

with

Fiin,o(z) = min[F(s,z)|s € S,,]
Fax.o(z) = max[F(s,z)|s € S,]

(a) Fuzzy probability distribution F(z) (b) Parameterization with §; and 3s.

Fig. 2 «-discretization of F(3,z) in the presence of parameters 31 and 3a.

2.3.3 Dynamic Models with Fuzzy Parameters

In the context of this work, the dynamic model describes the behavior of the rotor
by means of a set of differential equations. The relationship between the inputs x and
outputs z of an specific dynamic model M is characterized by f, which represents the
set of differential equations of the model in the Eq. (18)

M : 2(r) = f(z) (18)
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Therefore, the function f maps the inputs z onto the outputs z(7), thus z — z(7),
where 7 is the independent variable of the dynamic response that may represent time,
frequency or spacial coordinates.

When considering the inputs of the model as fuzzy variables Z or fuzzy functions
), the dynamic response of the system corresponds to the resulting fuzzy functions

(T
Z(7). These fuzzy functions result of the mapping, thus z — 2(7).

(

2.3.4 Fuzzy Dynamic Analysis

The fuzzy dynamic analysis is an appropriate method to map a fuzzy input vector
Z onto the output Z(7) of a numerical model using the deterministic model given by
Eq. (18). In the structural analysis, the combination of uncertainties modeled as fuzzy
variables with the deterministic model based on Finite Element Method is denomi-
nated Fuzzy Finite Element Method. The fuzzy dynamic analysis is composed of two
stages shown in the Fig. 3.

In the first stage, for computational purposes, the input vector that corresponds
to the fuzzy parameter is discretized by means of a-level representation, presented
in Eq. (12) and Fig. 1(b). Thus each element of the fuzzy parameters vector =

(Z1,...,&y,) is considered as an interval X;o, = [Tia.l, Tiayr], Where ai € (0,1].
Consequently, the sub-space X, is defined so that X, = (Xiay,---,Xna,), Where
X, €R™

— Qg

The second stage is related to solving an optimization problem. This optimization
problem consists in finding the maximum and minimum value of the output, at each
evaluated 7, for the mapping model M : z = f(z), thus:

Zawr = DaX f(z) Zanl = ;&igk f(z) (19)
Zoyr a0d Zq,; correspond to the upper and lower bounds of the interval z,, =
[Zaprs Zayi] in the a-level ay. The set of discretized intervals [z, 7, 24,1 for ag € (0,1]
composes the whole fuzzy resulting variable Z.

Fig. 3 a-Level optimization.



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.13705

The fuzzy analysis of a transient time-domain system demands the solution of
a large number of optimization problems regarding all a-level of interest for each
considered time step. Each upper and lower bounds of the system analysis at a given
time instant is obtained from the Differential Evolution optimization algorithm [10].
The output value of the transient analysis at the evaluated time-step constitutes the
objective function. The inputs to this function are the uncertain parameters described
previously as fuzzy or fuzzy random variables.

2.3.5 Fuzzy Stochastic Analysis

Uncertain structural analysis considers uncertain parameters on the numerical model
(geometry or structural properties). The model is computed with the uncertain param-
eters to obtain the uncertain outputs, generally forces or displacements. The specific
form of the uncertainties is determined by the uncertainty model. Essentially, an
uncertainty can be modeled as a random, fuzzy or fuzzy-random variables or fields. In
structural analysis, the combination of uncertainties modeled by using fuzzy random-
ness with the deterministic model based on Finite Element Method is denominated
Fuzzy Stochastic Finite Element Method.

Fuzzy stochastic analysis is a straightforward computational method for processing
uncertain data modeled by fuzzy random functions or variables. The aim of fuzzy
stochastic analysis is to map fuzzy random parameters X onto the structural fuzzy
random response Z (1), thereby, the following problem is to be solved for a crisp
mapping model

X = Z(r) (20)
Fuzzy and real random variables are special cases of fuzzy random variables; this type
of uncertainty can be also accounted for in Eq. (20). The basic concepts and definitions
of the fuzzy stochastic analysis are presented in [7].

The fuzzy random parameters are modeled as fuzzy random variables, which rep-
resent a generalized uncertainty model i.e, high order uncertainty representation. The

fuzziness of the fuzzy random variables X is described by means of fuzzy bunch
parameters. Thus, by using the a-discretization the fuzzy bunch parameters s are dis-
cretized with the help of crisp a-level sets to obtain the corresponding intervals of
each determined a-level.

The fuzzy stochastic analysis algorithm encompasses a fuzzy analysis and a
stochastic analysis to cope with the fuzziness and randomness characteristics of the
uncertainties (see Fig. 4). Both analyses are based on the deterministic model.

The purpose of fuzzy analysis is to map fuzzy input variables onto result variables;
the result variables z are also fuzzy values. In this analysis, the a-level optimization as
stated by [8] is applied, this strategy permits to map fuzzy variables without special
properties. An extended formulation of this strategy was presented in Sec. 2.3.4.

In the stochastic analysis each element of fuzzy set s determines an original real
random variable of every fuzzy random variable and an original deterministic value of
every fuzzy variable. These original variables are mapped onto the original function
Z(7) of fuzzy random result values Z(7) by a stochastic analysis algorithm. The deter-
ministic model is used to perform the stochastic analysis. Monte Carlo Simulation is
an appropriated method to perform the stochastic analysis. A Spectral representation
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by Karhunen Loeéve expansion can be applied to model real random fields. The result
of a Monte Carlo Simulation is a sample in one original function Z(7) of the fuzzy
random response Z(7) on the membership level pu(Z(7)) = ay. The assigned elements
Za,, Of fuzzy bunch parameters (e.g. fuzzy mean or fuzzy variance) of the fuzzy ran-
dom results are obtained through the statistic evaluation of the sample. The fuzzy
stochastic analysis algorithm is presented in Fig. 4.

Inputs (uncertain parameters):

a-discretization

Crisp Space X,

Fuzzy Analysis: Optimization Problem

‘Stochastic Analysis (MCS)

Fuzzy random result value Z

Fig. 4 Fuzzy stochastic analysis.

3 Reliability Analysis

Reliability analysis focuses on evaluating the likelihood that a system or component
performs its intended function under uncertainty. Different mathematical frameworks
have been proposed to estimate the probability or degree of failure. Probabilistic
methods, such as Monte Carlo Simulation (MCS), the First-Order Reliability Method
(FORM), and the Second-Order Reliability Method (SORM), provide a rigorous
foundation when probabilistic information is available. Alternatively, fuzzy methods
model vagueness and imprecision in system parameters, while interval methods rely
on bounded representations when probabilistic data is scarce or unavailable. These
approaches offer complementary perspectives, allowing reliability assessment under
different types and levels of uncertainty.

3.1 Probabilistic Methods

The uncertain parameters can be modeled as random variables. These random vari-
ables are grouped in the random vector ¢ associated to the joint probability density
function. The mathematical model of the system is defined as f(c) based on the system
dynamics. It is worth to mention that system model represents the behavior of sytem
output as a function of the input parameters. The kinematic reliability is quantified by

10
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the probability of the system output exceeding the maximum admissible limit, €,,q,
thus:

py =pr{f(c) > emac} (21)
where pr{.} represents the probability.
The failure probability is computed by using the Monte Carlo simulation method,
first order reliability method (FORM), and the second order reliability method
(SORM).

3.1.1 Monte Carlo Simulation Method

The MC method is composed of three steps: ) the uncertain parameters of the model
(f(c) ) are sampled to obtain a set of ng random inputs; i7) the model outputs are
computed for each random input. 4i7) the probability of failure is computed as:

_

pf= (22)

Ng

where 1y is the number of samples that exceed €44

3.1.2 First Order Reliability Method (FORM)

This method is used to evaluate the failure probability of Eq. (21). The performance
function f(c) to evaluate the kinematic error is approximated by a first order Taylor
expansion. Initially, the random vector c is transformed into random normal variables
u. Then, f(c) is linearized at the most probable point (MPP) u* and the reliability
coefficient g is computed by solving the following optimization problem:

min 8 = |[u”ul|
u
subject to:
op(u) = emax (23)

where ||.|| represents the magnitude of the vector. Finally, the probability of failure ps
is estimated according to the following expression: py = ®[—/], were ®[.] represents
the standard normal cumulative distribution. The optimization problem to find the
reliability coefficient 8 was solved by using the algorithm proposed by Rackwitz (1976).
The numerical implementation of the algorithm demands the definition of an error
tolerance, €, to evaluate the convergence of 5, and a small change in the coordinates,
t, to numerically evaluate the partial derivatives for the first-order Taylor expansion
[11].

3.1.3 Second Order Reliability Method (SORM)

Differently from the FORM, this method aims at evaluating the reliability of system
which performance functions is nonlinear. The performance function of the present
contribution, f(c). The Taylor series expansion of the nonlinear function f(u) at the
MMP u* is defined as:

11
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op(u) =6p(u1, uz ... tn;) = 6p(ui, uj ... uy )

Z"’ dop .
* * Ouy (uy = uj)
RN 825p \ \
+5 E E aukauj —uy)(uj — uj) (24)

where these derivatives are evaluated at the MMP u*. SORM ingores the terms higher
than the second order terms. The probability of failure is computed by using the
closed-form expression for the probability computation using theory of asymptotic
approximation proposed by Breitung (1984), thus:

’I’Lj*l
pf = ®(—Brorm) H (1+ 5FORMHJ‘)_1/2 (25)
j=1
where x; represents the principal curvatures of the performance function at the MMP,
and Srorn is the reliability coefficient computed by the FORM.

3.2 Interval Methods

The sources of kinematic error (clearances or dimensional tolerances) can be modeled
as a set of n intervals that can be grouped into the vector € = (¢, ¢,) where ¢; =

[cll cln] is the lower limit and ¢, = [crl cm} is upper limit. The output of
the model system can be denoted as f(c¢) that determines the errors on the output of
the model.

The performance function g(A) is defined as the difference between a maximum
allowable error (e,,q.) and the actual output of the model (f(c)), thus:

g()‘) = €max — f(C) (26)

The present work considers the errors as intervals €.

A two-dimensional performance function is considered g(€) = ¢(¢1,¢2) to illustrate
the present approach. A failure occurs if the kinematic error f(€) exceeds the admissi-
ble error, thus, g(¢) < 0. Considering a two dimensional plane formed by the interval
variables ¢ ) = (c17, ¢1) and Ca = (co, car) as presented in Fig. 5(a). The curve g(c)
splits the rectangular area of the variables space into two regions: a safe area and a
fail area. The total rectangular area is defined as Aipa; = (¢1- — c17)(C2r — €21); more-
over, the possibility that a failure occurs (ps) can be quantified as the quotient of the
failure area Ayqq and Agorar, thus:

Atail

Atotal

pf= (27)

12
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where py quantifies a percentual rate that internal error overpasses the admissible error
limit |emaz|- If f(€) < |emas| the failure index is zero; else, the expression of Eq. (27).
As a result, the failure index is zero since the manipulator’s desired operating state
requires end-effector error to not exceed the maximum limit. Likewise, the reliability
can be defined by R, as a percentual measure that indicates that the error will be
contained within the maximum limit in the form:

Rlnt =1- Dy (28)

The more reliability implies that Ry, is close to 1. Moreover, the failure area (Atotar)
can be determined by:

Atail :// g(cr,ca)dead ey (29)
g(e)<0

Therefore, the integral of Eq. (29) should be numerically solved to estimate the
failure possibility of failure. It is worth mentioning that the performance function
g(c) depends on the nonlinear kinematic model of the manipulator that defines the
positioning error.

NP sate \ Fail

/\1,‘ ..... \

S—
8(A)
Ay b . :
: : Fail
A A z
A g AZ z 0 z,
(a) Variable space. (b) Interval per-
formance variable

z.

Fig. 5 Interval Reliability.

Considering a n-dimensional case for the assessment of the reliability with n inter-
val sources of errors defined as ¢ = [61 . En]. The new interval variable z = (z, 2,)
is defined and it depends on the interval performance function g(€). Based on the def-
inition of the performance function, Z = €4, — er(€). It is worth to saying that the
assessment of z depends on the evaluation of the interval error er(€) = (e, e).

The evaluation of e, and e; requires the resolution of an optimization problem in
order to ascertain the maximum and minimum limits of the interval error generated
by the interval parameters € € (¢;, ¢,) in the form.

er = max er(c) e = meiy er(c) (30)

13
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However, a failure can occur in the case that interval error, er, exceeds an admis-
sible limit €,,4,. The failure measures the chance that the interval error will exceed
the maximum error limit, €,,4,. According to Eq. (5) a failure occurs when z < 0 as
presented in Fig. 5(b). The failure area Ay and the total area Aspra; of Eq. (29)
corresponds to the expressions of Eq. (30) where Afqi = e; — €mar and Aiorar = €.
Thus, the interval reliability is computed with the following expressions:

€r — €max
Ripp=1— ———— (31)

Er

3.3 Fuzzy Methods

This method aims at computing the fuzzy reliability index to assess the kinematic
accuracy of a system subject to an uncertainties. The proposed approach is based on
the fuzzy uncertainty theory. ~

The possibility that the fuzzy output, f, exceeds the maximum limit e,,q, is
quantified by the fuzzy reliability, o s, thus:

ap = p{f > emaa} (32)
where p{.} represents the possibility that is quantified by the membership function
value oy with 0 < ap < 1.

The fuzzy reliability aims at determining the possibility of failure by examining
the fuzzy output. Figure 3.3 shows that a failure is produced when f > €maz- FOr this
condition, the possibility of failure is given by a.

u(er)

Aceptableé Failure

1

ay

Fig. 6 Fuzzy output, f‘, and linear approximation to estimate aj.

For this particular application, the membership function of the fuzzy output u(f)
is approximated as a linear function in order to estimate the failure possibility consid-
ering the maximum position error e, only. This linear approximation is the simplest
form to compute the possibility u{.} of Eq. (32) to obtain the failure possibility ay;
however, high order functions could be used to enhance the approximation of ay. If
the fuzzy error exceeds the maximum limit, i.e. if the fuzzy output surpasses €,,qz
and it attains the failure region (see Fig. 3.3), the following expression computes the

14
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linear estimation of the failure possibility:

Cag — €
ap = g max (33)
€ap
otherwise, if fuzzy error is less than €4z, the fuzzy error is confined in the aceptable
region (see Fig. 3.3), then oy = 0. Moreover, e,, which is the uncertain fuzzy error f
evaluated at the a-level oy = 0 is obtained by solving the following maximization:

€y = maxe(c) (34)
ag

The optimization problem of Eq. (34) could be solved to compute the failure possibility
ay of Eq. (33); this optimization was solved by using the Differential Evolution (DE)
algorithm [10].

The failure possibility, ay, is bounded as follows:

Ogafﬁl (35)

where the desired performance of a manipulator consists of minimizing the failure
possibility. It is worth mentioning that the failure possibility indicates the percentual
rate of the maximum fuzzy error €y surpassing the maximum admissible error €4,
e.g. ay = 0.45 indicates that the maximum fuzzy error overpasses 45% of the maximum
admissible error €,,q4-

4 Robust Design

The theoretical basis of reliability-based optimization (RBO) was introduced by Moses
et al. (1967) [13]. The robust-based optimization (RBO) is presented in Egs. (36) to
(39) according to [14] where f(.) represents the objective function, x4 is the vector of
the determinist design variables, x,(6) are the uncertain inputs modeled as random
variables, and 6 represents a stochastic process. This optimization problem is subject
to the n, reliability constraints of Eq. (37) where P(.) denotes the joint probability
of the solution being feasible for every j constraint by considering the uncertainties
x,(0), i.e., the reliability express the probability of obtaining a feasible solution under
the uncertain inputs. R € [0, 1] is the desired reliability for all jht constraints. The
more reliable solution implies that R is close to one. hy(x4) of Eq. (38) denotes the
deterministic inequality constraints, and Eq. (39) defines the constraints of the design
variables.

min  f(xq4,x4(0)) (36)
subject to  P(g;(x4,%4(0)) <0) >R, j=1,...,n4 (37)
hk(Xd) SO, k;zl,...,nk (38)

X((il) <xg < Xglu) (39)
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Let us consider the optimization problem with two inequality constraints shown in
Fig. 7. The deterministic optimal solution without uncertainty (x, = 0) is obtained by
solving Eq. (36) and neglecting the reliability constraints of Eq. 37); one can observe
that deterministic optimum is located at the intersection of the constraints. On the
other hand, the reliability-based optimization problem considers the effect of uncertain
inputs; these uncertain inputs produce variation around the optimal solution making
this solution infeasible in many instances. Consequently, the reliable solution will be
penalized by considering the reliability constraints of Eq. (37). A reliable solution will
imply a small probability of obtaining an infeasible solution. The feasible solution with
the desired reliability R will guarantee that the probability of obtaining an infeasible
solution due to uncertainties is defined as (1 — R).

X2
Feasible region

Reliable
solution

Deterministic

> ______ Optimun

uncertainties /:\

X1

Fig. 7 Reliability-based optimization procedure, adapted from [14].

5 Applications

5.1 Structures

5.1.1 Uncertainty Analysis

Uncertainty analysis of flexible rotors has been studied by applying stochastic
approaches based on the stochastic finite element method [15]. Didier et al. [16] quanti-
fied the uncertainties effects in the response of flexible rotors based on the Polynomial
Chaos theory. Koroishi et al. [15] represented the uncertainties in the rotor parame-
ters by using Gaussian homogeneous stochastic fields discretized by Karhunen-Loeve
expansion; the dynamic response of the system with random parameters was charac-
terized through Hypercube Latin sampling and Monte Carlo simulation. Lara-Molina
et al. [17] used the fuzzy stochastic finite element method to quantify the effects of
high order random parameters on the response of a rotating machine. The analyses
of the effect of uncertain parameters on the dynamic behavior of a flexible rotor con-
taining two rigid discs and supported by two fluid film bearings has been analyzed
considering the inherent uncertainties of the bearings’ parameters (i.e. the oil viscos-
ity as a function of the oil temperature, and the radial clearance) modeled by using a
fuzzy dynamic analysis [18].

For comparison purposes, the Monte Carlo simulation combined with Latin Hyper-
cube sampling is used to generate the envelope of responses of the stochastic rotor
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system. The choice of this stochastic solver is justified by the fact that Monte Carlo
simulation has been successfully used as a reference stochastic solver to evaluate the
variability of the dynamic responses [19].

Cavalini et al. [20] analyzes the uncertainties that affect the load capability of a
4-pad tilting-pad journal bearing using fuzzy logic techniques. Moreover, Cavalini Jr
et al. [21] assess the uncertainties affecting the dynamic behavior of a flexible rotor
containing three rigid discs and supported by two cylindrical fluid film bearings using
probabilisitc approaches and also fuzzy methods. Lara-Molina et al. [22] evaluate the
effects of uncertainties on the load capacity of a four-pad tilting-pad journal bearing,
in which the pad radius, oil viscosity, and radial clearance are considered as uncer-
tain information; thus, the hydrodynamic supporting forces at the bearing pads are
obtained by solving the Reynolds equation. In this case, the uncertain parameters are
modeled as fuzzy type-2 variables. Lara-Molina et al. [23] analyzes the sensitivity of
the structural response of flexible rotors subjected to uncertain interval parameters.

Zuffi et al. [24] analyze the effect of uncertain parameters on a mechanical sys-
tem that represents the phenomenon of near-field acoustic levitation, whose dynamic
behavior is described by the Reynolds equation. Teixeira et al. [25] aimed at comparing
the so-called Bingham, modified Bouc-Wen (BW), and hysteretic models dedicated to
MR actuators; additionally, uncertainty and sensitivity analyses based on the interval
approach were applied on the updated MR models aiming to determine the working
envelopes associated with the most important parameters of the models. Barbosa et al.
[26] applied uncertainty and sensitivity analyses to the SHBT-FE model of a compos-
ite hollow shaft. Silva et al. [27] offered a comprehensive evaluation of the composite
material hollow shaft’s frequency response functions by considering a more extensive
set of uncertain parameters as compared to previous studies.

5.1.2 Robust Design

In general, various reliability strategies have been presented in the literature to include
uncertainties into the optimal design of manipulators. The reliability-based optimiza-
tion (RBO) is the most employed approach of the above mentioned optimal design
methods. According to Du and Chen [28], RBO aims to obtain high reliability by mini-
mizing the contribution of uncertainties on the objective functions, imposing constraint
levels defined in terms of reliability. Traditionally, Monte Carlo simulation has been
used to evaluate the probability value, despite the high computational cost associated
with this approach [28]. As an alternative, RBO without using simulation methods has
been proposed [29]. In general, in the aforementioned strategies, the random variables
are transformed from physical to standard space. As a consequence, a new optimiza-
tion is derived for computing the most significant failure probability that is at the same
time assigned to an imposed value that satisfies the design requirements [29]. Accord-
ing to methods to the failure probability computation, the RBO approached are split
into four groups [29]: ¢) single-loop methods, i) decoupled methods, #ii) double-loop
methods, and v) simulation methods.

There are several works in literature dedicated to the stochastic analysis of dynamic
vibration absorbers, in which the effect of uncertainties is analyzed. Borges et al.
[30] studied a robust optimization method applied to nonlinear dynamic absorbers.
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Chakraborty and Roy [31] showed the reliability based optimum design by consider-
ing bounded uncertain parameters. On the other hand, several studies have applied
robust optimization to minimize the effects of uncertainties while the optimal perfor-
mance is maximized. Silva et al. [32] proposed a robust optimization based on a fuzzy
logic approach, in which the uncertain parameters of linear and nonlinear dynamic
vibration absorber were considered. It is worth mentioning that robust optimization
has been properly applied in various dynamic systems, including dynamic vibration
absorbers [30, 33].

6 Comparison of Uncertainty and Reliability
Analysis Methods

The different approaches to uncertainty and reliability analysis—probabilistic, fuzzy,
and interval-based—provide complementary tools for modeling and propagating uncer-
tainty in engineering systems. Their applicability depends on the type of uncertainty
to be represented, the amount of available data, and the computational resources
required. This section presents a comparative discussion of these methods, emphasizing
their conceptual differences, advantages, and limitations.

6.1 Comparative Discussion

Probabilistic methods rely on the statistical characterization of uncertain parame-
ters through probability distributions. They provide detailed quantitative information
about system behavior and allow direct estimation of reliability indices such as the
probability of failure. Techniques such as Monte Carlo Simulation (MCS), First-
Order Reliability Method (FORM), and Second-Order Reliability Method (SORM)
are well established and widely used in engineering applications. However, their accu-
racy depends on the adequacy of the assumed probability distributions, and their
computational cost can be significant for complex models or rare-event probabilities.

Fuzzy methods are suitable when uncertainty arises from vagueness, impreci-
sion, or linguistic assessments rather than randomness. In these methods, uncertain
quantities are represented by fuzzy numbers or membership functions that express
degrees of possibility rather than probability. Fuzzy reliability analysis can effectively
capture epistemic uncertainty, but it provides qualitative or semi-quantitative results
that are not directly comparable to probabilistic measures. Moreover, the definition
of membership functions often involves subjective judgment.

Interval methods offer a conservative and data-independent framework for
uncertainty representation. Instead of assuming a distribution or a membership func-
tion, uncertain parameters are expressed as bounded intervals within which the true
values are expected to lie. These methods are computationally efficient and straight-
forward to implement, making them particularly useful in early design stages or when
information is scarce. However, the results tend to be over-conservative, and the lack
of probabilistic interpretation may limit their use in risk-based decision-making.

18



SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.13705

6.2 Summary of Characteristics

Table 1 summarizes the main characteristics of probabilistic, fuzzy, and interval

methods for uncertainty and reliability analysis.

Table 1 Comparison of probabilistic, fuzzy, and interval methods for uncertainty and reliability

analysis.
Aspect Probabilistic Meth- Fuzzy Methods Interval Methods
ods
Type of Uncertainty Aleatory (randomness)  Epistemic Epistemic  (bounded
(imprecision) uncertainty)

Input Data Required

Statistical samples or
PDF's

Expert knowledge, lin-
guistic data

Parameter bounds only

Output Nature Probabilities, reliabil-  Possibility Upper/lower  bounds
ity indices distributions on response

Computational Cost High (especially for Moderate Low
MCS)

Interpretability Quantitative and rigor-  Qualitative or semi- Conservative and
ous quantitative bounded

Typical Applications Structural reliabil-  Expert systems, Preliminary design,
ity, risk analysis, human reliability, limited-data modeling
performance vague input data
assessment

Probabilistic methods rely on statistical modeling and data availability.
1Fuzzy methods are suitable when data is imprecise or linguistic.

2Interval methods are conservative and require only parameter bounds.

6.3 Remarks

The comparative analysis demonstrates that each framework has specific strengths
and limitations. Probabilistic methods remain the most rigorous and informative when
sufficient statistical information is available. Fuzzy and interval approaches are more
appropriate when uncertainty arises from lack of knowledge or incomplete data. Hybrid
methodologies that combine probabilistic and non-probabilistic representations offer a
promising direction to balance accuracy, interpretability, and computational efficiency
in real-world engineering problems.

6.4 Mechanisms

6.4.1 Uncertainty Analysis

Multi body mechanisms are unavoidably subject to uncertainties. The main sources of
uncertainties include various aspects such as manufacturing limitations and assembling
tolerances of the mechanical parts, noise in the sensors, and unmodeled dynamics
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in the control system. Furthermore, in several applications, the robots operate with
different values of payload to perform a specific task (e.g. pick and place robots).

Despite uncertainties, the parallel robots should be able to execute diverse tasks
with high accuracy and repeatability which requires high reliability (e.g. robots used
in medical applications). Therefore it is necessary to analyze the effects of uncertain
parameters on the dynamic response in order to observe the behavior of the parallel
robots under these conditions.

Several methodologies have been used to analyze uncertainties in robot manipula-
tors. The stochastic approach has been widely applied to study the effects of uncertain
parameters on the behavior of robot manipulators. In agreement with this approach,
the effect of tolerances associated with the manipulator parameters on the reliabil-
ity was studied [34]. Moreover, Polynomial Chaos Theory was applied to study the
effect of uncertain inertia and payload on SCARA robot dynamics [35]. Lara-Molina
[36] presented an approach to obtain the dynamic model of flexible-link manipulators
based on the stochastic finite element method. Lara-Molina et al. [37] developed a
method for analyzing the effect of these uncertainties on the kinematic performance
of the mechanism by examining the kinematic performance atlases.

Interval analysis has been also applied to study the uncertainties aiming at ensur-
ing the reliability of robot manipulators [38]. Additionally, an approach based on fuzzy
dynamic analysis has been applied to study uncertain parameters in a robot manip-
ulator [39]. The aforementioned approaches are suitable when the stochastic process
that governs the uncertainty is unknown; thus uncertain parameters are modeled by
means of fuzzy variables. Lara-Molina et al. [40] caried out the uncerainty analysis of a
Stewart-Gough platform to analyze the sentisivity of dynamics outputs of the numer-
ical model subjected to uncertain paramenters parameters. Lara-Molina and Dumur
[41] proposed an alternative approach based on a fuzzy-interval analysis to assess how
dimensional tolerances affect the kinematics of parallel manipulators, its novelty con-
sists of modeling and analyzing the dimensional tolerances as fuzzy-intervals based on
fuzzy theory and interval sensitivity methods.

6.4.2 Robust Optimization

The optimal design has widely used multi-objective optimization to maximize the per-
formance index of the parallel manipulators; nevertheless, the multi-objective design
of manipulators has not taken into account the unavoidable effect of the uncertainties.
Thus, it is necessary to define a robustness criterion that measures how the uncertain-
ties jeopardize the performance of parallel manipulators. Furthermore, the robustness
of the manipulators for the optimal design has not been considered as a global criterion;
i.e., the robustness was computed for a single pose [42, 43]. The robust design based on
multi-objective optimization has been applied to flexible structures, mechanisms, and
mechanical systems. Nevertheless, research studies reported in the literature have not
explored the optimal design of robotic manipulators subject to uncertainties. In this
context, the novelty of the present contribution consists of proposing a novel optimal
design procedure of parallel manipulators that includes the detrimental effect of the
uncertainties on the performance by considering a robust criterion within the multi-
objective design optimization. The proposed robust optimization is composed of three
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stages: 7) modeling of the uncertainties that affect performance indices; i7) definition of
the performance indices and robustness criterion as global criteria that evaluates these
proprieties over a region of the workspace; #i7) formulation of robust optimization as
a multi-objective optimization problem subject to nonlinear constraints.

Several numerical methods have been developed to enhance computational cost and
accuracy of robust optimal design applied to optimize mechanical structures subject to
uncertain operational conditions. A Hierarchical Model Updating Strategy was imple-
mented for Finite Element model updating to establish an accurate computational
model [44]. A synchronous modeling concept is proposed, the purpose of which is to
realize the transformation from single-objective reliability design to multiple objectives
reliability design [45]. In the same direction, multilevel nested models were devel-
oped to effectively perform the reliability-based design optimization of the assembly
relationship [46]. These developments in reliability computation and reliability-based
design optimization permitted to carry out of further engineering applications. Li et
al. (2022) [47] developed a method to identify the modal parameters of damped oscil-
lation signal in a power system; this application demonstrated the potential benefits
of the numerical methods to improve the efficiency of reliability computation. More-
over, Fei et al. (2020) [48] evaluated the motion reliability of flexible mechanism; they
demonstrated that the enhancement of the network learning model with an intelligent
operator ameliorated the reliability computation in terms of simulation efficiency to
design procedures. Martins et al. [49] analyzed the effect of uncertain parameters on
the frequency-domain behavior of a dynamic vibration absorber for the robust opti-
mization that improves its performance based on uncertainty and sensitivity analyses.
Lara-Molina and Gongalves [50] addressed the optimal design of flexible link manipu-
lators to optimize the dynamic performance subject to the effect of the uncertainties
quantified by a reliability index. Lara-Molina and Dumur [51] developed a novel robust
optimal design for parallel manipulators to optimize the performance indices subject
to the unavoidable effect of the uncertainties.

6.4.3 Reliability Assessment

The kinematic reliability of manipulators determines the probability of obtaining posi-
tioning errors within acceptable limits. The kinematic reliability has recently emerged
as alternative criteria to evaluate the effects of uncertainties in manipulators [52]. Kim
et al (2010) evaluates the kinematic reliability of manipulators using the advanced
first-order second moment (AFOSM) method. Pandey and Zhang (2012) used the
fractional moments to efficiently compute the kinematic reliability such that the posi-
tioning error remains within aceptable limits. Cui et al. (2015) computed the kinematic
reliability using the Monte Carlo simulation method and they evaluated three error
sensitivity criteria based on the singular value decomposition of the error translation
matrix. Zhan et al. (2018) proposed an hybrid method based on the first order sec-
ond moment to evaluate the uncertainties of a planar parallel manipulator modeled as
random and interval varaiables. Xu (2018) studied the influence of each error source
on the kinematic reliability of a delta parallel manipulator. Zhang and Han (2020)
develops an efficient reliability analysis method to account for random dimensions and
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joint angles of robotic mechanisms. Moreover, further developments about the kine-
matic reliability have recently been reported in literature considering improvements
in the computational methods [57], application on industrial robots [58], and appli-
cations on planar mechanisms [59]. The research works mentioned above evaluated
the reliability as a local property, i.e. the kinematic reliability was assessed at a spe-
cific pose of the manipulator. Nevertheless, it is necessary to compute the kinematic
reliability as a global criteria. Lara-Molina and Dumur [60] developed a performance
criterion applied to robotic manipulators based on kinematic reliability based on the
kinetostatic performance criteria to quantify the effect of errors in the manipulators.

As an alternative to the probabilistic methods, a non-probabilistic approach
based on the Lagrange multipliers and Taylor expansion has been proposed [61] to
evaluate the kinematic reliability of the mechanism with clearances. Moreover, a
time-dependent reliability index was described based on a combination of the nonprob-
abilistic interval process and first-passage theories. [62]. Lara-Molina and Gongalves
[63] proposed a novel method based on an interval approach to evaluate the kinematic
reliability of manipulators that quantifies the probability of positioning errors that fall
within allowable boundaries.

The methods based on a probabilistic approach computes an indirect measure of
the effect of uncertainties based on the probability of failure. The probability of failure
expresses how likely the positioning error is greater than a maximum limit; it depends
on the probability distribution imposed on the uncertain parameters. Nevertheless,
in several applications, it is not possible to find the probability distribution of the
uncertain parameters based on experimental measures [61].

Non-probabilistic methods based on fuzzy theory have been used to analyze the
reliability of robotic manipulators [64]. Moreover, Non-probabilistic methods based on
interval theory have widely been applied in several engineering areas for uncertainty
quantification [65] and reliability analysis [66]. Moreover, interval theory has been
applied to analyze the effect of dimensional tolerances of mechanism [67], positioning
accuracy [68], and reliability analysis [69]. Nevertheless, the non-probabilistic method
based on interval analysis has yet to be explored to analyze the kinematic reliability
of robotic manipulators.

7 Conclusions

This manuscript presented a comprehensive overview of uncertainty and reliability
analysis methods, encompassing probabilistic, fuzzy, and interval-based frameworks.
The study discussed the theoretical foundations and main characteristics of each
approach, emphasizing their applicability to engineering problems where model
parameters and input data are subject to different forms of uncertainty.
Probabilistic methods, such as the Monte Carlo Simulation (MCS), First-Order
Reliability Method (FORM), and Second-Order Reliability Method (SORM), provide
a rigorous mathematical basis for modeling randomness when sufficient statistical
information is available. However, in many practical situations, the lack of reliable
probabilistic data justifies the use of non-probabilistic approaches. In this context,
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fuzzy methods offer a flexible means to capture epistemic uncertainty through lin-
guistic or membership functions, while interval methods provide conservative but
computationally efficient estimates when only parameter bounds are known.

Overall, the comparative analysis highlights that no single method is universally
superior; rather, the selection of an appropriate uncertainty representation depends on
the nature and quality of the available information, the complexity of the model, and
the desired level of confidence in the results. The integration of probabilistic and non-
probabilistic frameworks emerges as a promising direction to enhance the robustness
and interpretability of engineering analyses under uncertainty.

Future research should focus on hybrid uncertainty modeling strategies, surrogate-
based propagation techniques, and the incorporation of data-driven approaches
to reduce computational cost and improve model fidelity. Such developments will
strengthen the role of uncertainty and reliability analysis as essential tools for
predictive modeling and robust decision-making in complex engineering systems.
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