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ABSTRACT. This research describes a fundamental step in the study of the vital dynamics
of dengue in the municipality of Seropédica, Rio de Janeiro: the development and validation of
the Finite Element Method (FEM), combined with the Crank-Nicolson method and the Newton
method. The simulation is described by the MSIR (Mosquito-Susceptible-Infected-Recovered)
model, characterized by a system of nonlinear partial differential equations. The implementation
and verification of the problem consisted of constructing a test problem with a known analytical
solution. It was successfully verified, demonstrating that the maximum absolute error gradually
decreases with the refinement of the spatial mesh, reaching an order of 10™*. This work presents
the activities funded by the Rio de Janeiro State Research Support Foundation (FAPERJ),
developed at the Federal Rural University of Rio de Janeiro (UFRRJ).

Keywords: epidemiological model, dengue, finite element method.

1 Introduction

Dengue, transmitted by the Aedes aegypti mosquito, is one of the main diseases affecting
Brazil and is a serious public health problem (Mendonga et al., 2009). There are four
types of dengue virus (DENV-1, DENV-2, DENV-3, and DENV-4). Most individuals
infected with the DENV-1 serotype have mild symptoms. Serotypes DENV-2, DENV-
3, and DENV-4 cause symptoms such as high fever, body aches, pain behind the eyes,
red spots, and nausea, which can progress to hemorrhagic dengue, which can have more
serious consequences, such as bleeding, low blood pressure, dehydration, and risk of
death, according to Barelli et al. (2023).

According to the Ministério da Satude (2024), the first of this disease epidemic in Brazil
occurred from 1981 to 1982 in Boa Vista (RR), caused by serotypes 1 and 4. Four years
later, in 1986, epidemics occurred in the state of Rio de Janeiro and some capitals in the
Northeast region. In some parts of the country, the climate is hotter and more humid,
favoring the proliferation of mosquitoes and the spread of the disease.
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Global climate change is a key factor in this growth. With global warming, there are
longer periods of heat, which have an impact on the increase in the number of cases. In
the last 25 years, around 18 million Brazilians have been infected with the virus, and the
highest number of cases in Brazil’s history is projected to be reached in 2024, according
to Gurgel-Gongalves et al. (2024).

In addition to factors such as the hot and humid environment, the accumulation of water
in containers, vases, and tires due to heavy rains contributes to the formation of mosquito
larvae. Furthermore, the movement of infected people in these areas favors the spread
of dengue, since the mosquito can bite a person infected with the Aedes aegypti virus
and transmit it to another susceptible person, thus forming a cycle and generating a new
epidemic.

Located in the state of Rio de Janeiro, the municipality of Seropédica, according to data
from Instituto Brasileiro de Geografia e Estatistica (IBGE) (2024), had approximately
80,596 inhabitants and a land area of 265,189 km? in 2022, with a population density
of 303.92 km?. The estimated population in 2024 was 84,737 people, also according to
Instituto Brasileiro de Geografia e Estatistica (IBGE) (2024).

There are a total of 18 neighborhoods in the municipality, namely: Boa Esperanga,
Cabral, Campo Lindo, Canto do Rio neighborhood, Carretdo neighborhood, Chaperd
neighborhood, Ecologia neighborhood, Fazenda Caxias neighborhood, Incra neighbor-
hood, Jardim Maracana neighborhood, Jardins neighborhood, Nazaré neighborhood,
Parque Jacimar neighborhood, Piranema neighborhood, Santa Alice neighborhood, Santa
Sofia neighborhood, Sao Miguel neighborhood, and UFRRJ neighborhood. The neigh-
borhoods of Seropédica were obtained from MBI Brasil (2024), and are represented in
the Seropédica regions below, as shown in the Figure 1.
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Figure 1: Domain divided into three distinct regions.

Where, in each region, the neighborhoods are located:

e Region 1 (Blue): Covers the neighborhoods of Piranema, UFRR.J, Parque Jaci-
mar, Campo Lindo, and Canto do Rio.

e Region 2 (Orange): This region is formed by the neighborhoods of Chapero,
Santa Sofia, and Fazenda Caxias.

e Region 3 (Green): Characterized by the neighborhoods of Boa Esperanga, Ecolo-
gia, Incra, Jardins, Jardim Maracana, Santa Alice, Sdo Miguel, Carretdo, Cabral,
and Nazaré.

In a data survey, it was observed that some research conducted by the Prefeitura Mu-
nicipal de Seropédica (2023), in Rio de Janeiro, indicated that in December 2023, the
incidence of this disease was high. Added to this, the vectors scattered throughout the
municipality, the turnover of residents, the likely locations with standing water, and the
summer season favor an increase in cases over the coming months. This raises the ques-
tion: Can modeling the dynamics of the disease in the area predict and prevent future
epidemics?

In this study, we applied a derivation of the SIR model and performed a validation and
verification of the model to understand how dengue behaves under the socio-environmental
factors mentioned above, as well as to observe focal points of incidence over the months
in Seropédica, Rio de Janeiro.

The validation of the SIR model and its variants can show how computational modeling,
in the epidemiological context, applied to analyze and simulate the behavior of diseases,
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is a valuable tool. In particular, its variant, known as the MSIR (Susceptible-Infected-
Recovered) epidemiological model. After validating the model, it will be possible to simu-
late the behavior of dengue in the municipality of Seropédica, Rio de Janeiro, throughout
the summer season, which has high rainfall rates and a considerable number of reported
cases of disease. In addition to visualizing where cases are most concentrated, there will
be more opportunities for control and intervention.

With the benefits of simulating the evolutionary behavior of the disease, SIR modeling
and its variations can be used to control and intervene in the spread of numerous diseases.

2 Epidemiological Modeling and Test Problem with
Exact Solution

2.1 The Classic SIR Epidemiological Model

To investigate the progression of this disease, a variant of the classic SIR epidemiological
model was used, characterized by the compartments: susceptible S, infected I, and
recovered R. In this study, these categories represent the total population residing in
Seropédica.

The SIR model (1)-(3) was developed in 1927 by mathematicians and epidemiologists
William Ogilvy Kermack and Anderson Gray McKendrick and proposed in the article
“A Contribution to the Mathematical Theory of Epidemics” (Kermack and McKendrick,
1927). This work describes how a disease spreads over time using a system of differential
equations. For the mathematical formulation of the problem, the work of Gomes (2009)
was adopted, resulting in the following system of equations:

0S
ot —B8IL; (1)
% = BSI — oI, (2)
R
ot ol; (3)

They represent:

as
ot

oI,
ot*

oR
ot

: Represents the dynamics of susceptible individuals over time.
Represents the dynamics of infected individuals over time.

: Represents the dynamics of recovered individuals over time.
The compartments, coefficients, and parameters are:

e S: Susceptible population (not yet infected).
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I: Infected population (capable of transmitting the disease).

R: Recovered population (immune to the disease).
e [3: Parameter indicating the speed of disease transmission.

e o: Parameter indicating the speed of recovery from the disease.

According to Almeida (2014), the compartmental scheme of the SIR model, adapted in
this work, can be illustrated in Figure 2:

Susceptible BSI Infected o Recovered
S 1 R

Figure 2: Compartmental diagram of the SIR model.

Each differential equation of the SIR (susceptible-infected-recovered) model describes the
dynamics of the compartments S, I, R at each time step ¢, of the simulation in a location.
The negative sign in equation (1) indicates that the number of individuals susceptible to
the disease decreases over time, as they become infected individuals.

In addition, the SIR model is guided by concepts, one of the main ones being William
Hammer’s Principle of Mass Action (1906) (Hamer, 1906), which brought the Guldberg-
Waage Law (Atkins and de Paula, 2018) to epidemiology. Hammer’s Principle of Mass
Action states that the number of susceptible individuals and the number of infected
individuals is directly proportional to the infection rate SSI, and the recovery rate ol is
proportional to the number of infected individuals.

It should be added that additional conditions were used to model the progression of
dengue disease in this initial stage, such as permanent immunization of infected indi-
viduals after their recovery. The group of individuals who moved from the infected
compartment I to the recovered compartment R will not become susceptible S again.
This condition would only be different if the model used were a variant of the SIR model,
such as the SIRS model (susceptible-infected-recovered-susceptible).

The total population of infected, susceptible, and recovered individuals is considered
constant N at the location, where N = S + I + R throughout the simulation period,
assuming that there is no inflow or outflow of people from the location where the spread
of the disease is simulated and that the birth and death rates are zero.

In addition, the total population is considered homogeneous, that is, it is well distributed
in the simulation location and all individuals have the same chance of being infected by
the disease. There are no locations where a greater or lesser number of individuals reside.
The model also considers that as soon as an individual is infected, they will become highly
infectious; there is no specific time until the person becomes infectious.

The SIR model (1)-(3) assumes that the parameters o (parameter indicating the speed
of recovery from the disease) and 8 (parameter indicating the speed of infection) will
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remain constant over the simulation time ¢,. In future simulations, a variant will be used
in which there are variations over time, collecting more data and socio-environmental
factors for the study of dengue transmission.

2.2 The MSIR Epidemiological Model

As the research was based on disease progression, a variant of the SIR model was used.
For this reason, the SIR model was expanded from three compartments (S, I, R) to four
compartments (M, S, I, R), in which the compartment of mosquitoes that transmit was
included.

The MSIR model studied was adapted from the master’s thesis by Luciana Takata Gomes,
who states that the vital dynamics of the mosquito are Malthusian (the rate of population
change is proportional to the quantity) (Gomes, 2009). In addition, Gomes (2009)’s work
proposes that this model is considered simple and well suited for a short period of time
and conditions favorable to reproduction.

The MSIR model consisted of four partial differential equations and the domain €2,
shown in Figure 3, in which the model was simulated is the region of the municipal-
ity of Seropédica itself. The time evaluated for simulation was during the period from
December 2023 to February 2024.
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X

Figure 3: Spatial domain € of the model.

The state variables M, S, I, R of the model are functions that depend on time and geo-
graphical position (z,y) of the continuous spatial domain 2 of Seropédica. These vari-
ables describe the state of M,S,I, R at any time ¢ chosen at a given position (z,y) in
the spatial domain.
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M = M(z,y,1); (4)
S = S(z,y,1); (5)
I=1I(z,y,t); (6)
R = R(z,y,t) (7)

The MSIR model was characterized by the system of equations (8)-(11), adapted from
Gomes (2009):

%/I:fﬁv.(anMHyM—MM (8)
%i’zflJrv.(aHvs)_ﬁMS (9)
% — 2+ V- (agVI) + BSM — 0T (10)
aa—f; = f3+ V- (arVR) +oT; (11)
which can be rewritten as:
%_v.(aMVM)—uM—&-uM = fo; (12)
%f — V- (angVS) + SMS = fi; (13)
% ~ V- (agVI) — BSM + ol = fo; (14)
%—P; — V- (arVR) — ol = f3; (15)

They represent:

‘96—1\21: Represents the dynamics of vectors over time.

%—f: Represents the dynamics of susceptible individuals over time.

%: Represents the dynamics of infected individuals over time.

%‘: Represents the dynamics of recovered individuals over time.

The compartments, coefficients, and parameters are:

e M: Transmitting mosquitoes.

e S: Susceptible population (not yet infected).
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I: Infected population (capable of transmitting the disease).

e R: Recovered population (immune to the disease).

e [3: Parameter indicating the speed of disease transmission.

e o: Parameter indicating the speed of recovery from the disease.

e v: Parameter indicating the birth rate of the mosquito.

e ;i1 Parameter indicating the mortality rate of the mosquito.

e aypg: Coefficient indicating the dispersion of mosquitoes.

e ajy: Coefficient indicating the dispersion of susceptible individuals.

e agr: Coefficient indicating the dispersion of mosquitoes.

The MSIR model, according to Gomes (2009) research, considers only one compartment
for mosquitoes. Compartment M is considered an average of dengue vector mosquitoes.
The MSIR model has six parameters, with § and ¢ coming from the SIR model and v
and p, which represent the birth and death rates of mosquitoes. The coefficients ang, o,
and agr are accompanied by expressions such as V- apyVM, V- agVS, and V - ag VL
These expressions indicate how dispersed dengue-transmitting mosquitoes and humans
are throughout the region and also the flow out of areas of concentration. In this case,
the municipality of Seropédica.

The terms fo, f1, fo and f3 on the right side of system (12)-(15) are called source terms
and indicate extra data, respectively, on how M, S, I, R vary over time ¢ due to factors
that can be complex to present in a parameter, such as precipitation, insecticide spraying,
and accumulated containers. In this research, the source terms were defined by equations
(16)-(19).

fo = 2rn%e ! sin(na) sin(my) — e~ sin(7z) sin(7y); (16)
f1 = e 2 sin?(mx) cos(mx) sin(my) + 38.47841760435743¢ " sin(rx) cos(mx);  (17)
fo=(t+x+y)— e *sin?(rx) cos(mz) sin(my) + 1; (18)
fo=—(t+z+y)—3e Y, (19)

The source terms fo, f1, fo and f3 are functions of the spatial coordinates (x,y) of the
domain €2 for a certain instant of time ¢. The term f; indicates an exponential reduction
in mosquitoes over time influenced by external factors. In f; and f3, their components
also indicate an exponential reduction over time. However, the term fo shows temporal
growth.

The choice of specific functions for the components fy, f1, fo and f3 does not aim, for
now, to simulate a realistic model, but rather to validate a test problem to verify the
computational code and methods that will be used to solve it.
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The MSIR model presents an evolutionary dynamic that can be represented by the
compartmental scheme in Figure 4, extracted from Gomes (2009), in which all susceptible
individuals will be infected and subsequently recover during the simulation.

T BSM

Figure 4: Compartmental diagram of the MSIR model.

Therefore, before applying the epidemiological model to a realistic scenario, it is a nec-
essary methodological step to construct a test problem to verify the accuracy of the
numerical tool. The next step in this work is to present in detail the process of con-
structing and validating the computational solver.

3 Procedures and Methodology

In this study, we used a modified SIR model consisting of four EDPs (12)-(15) that de-
scribe the evolution of dengue by compartments, such as mosquito vectors M, individuals
susceptible to the disease S, infected I, and recovered R

The variables M, S, I, and R are the state variables of the problem, 2 is the domain
represented by the Seropédica map, t, is the simulation time, and fy, f1, fo, and f3 are
the source terms. The states variable M, S, I, R are fundamental to the configuration
of the MSIR model. They are the independent variables of the system and describe the
state of each compartment at a given moment in time.

To validate the computational implementation, a test problem was constructed from the
nonlinear system of PDEs (8)-(11), defining the following exact solution for this problem:

M(z,y,t) = e " sin(rz) sin(ry); (20)
S(z,y,t) = e 'sin(nz) cos(mx); (21)
L(z,y,t) =c+y+t (22)

R(z,y,t) =e*tv1, (23)

Through algebraic manipulations and knowing the source terms (16)-(19), other compo-
nents of the nonlinear system of PDEs (12)-(15) were found, such as the initial conditions
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and boundary conditions. The solver used is based on that used in the authors’ references
Santos et al. (2022) and do Carmo et al. (2024).

The initial conditions (24)-(27) are the solutions of M, S, I, R of the problem at the initial
time ¢t = 0 throughout the municipality of Seropédica:

M(z,y,0) = sin(mz) sin(my); (24)
S(x,y,0) = sin(rx) cos(rz); (25)
I(z,y,0) =z +y; (26)

R(x,y,0) =" 1Y (27)

The boundary conditions are the solutions M, S, I, R of the problem across the entire
boundary of the municipality of Seropédica and are prescribed according to the exact
solution (20)-(23).

Since this is a validation of a test problem for the MSIR model, the parameters v (in-
dicates the mosquito birth rate), p (indicates the mosquito mortality rate), o (indicates
the disease recovery rate), S (indicates the disease transmission rate), and coefficients
ayy (indicates mosquito dispersion), ap (indicates individual dispersion), ag (indicates
recovered individual dispersion) of the ODE system were considered equal to 1 (dimen-
sionless) and the simulation time ranging from 0 to 1 (dimensionless).

The selection of dimensionless parameters is based on the test problem and verification
of the computational implementation, ensuring accuracy regardless of the complexity of
the real data or units. In future simulations, these parameters will be modified based on
realistic and geographic data.

The validation process of the PDEs system implemented for the MSIR model consisted
of searching for an approximate solution for M, S, I, R, in relation to the pre-established
exact solution. The methods used to solve the nonlinear system of PDEs were: Finite
Element Method, Crank-Nicolson method, and Newton’s method.

If the solver finds an approximate solution for M, S, I, R with the smallest possible error,
a computer simulation of the evolutionary behavior of dengue will be initiated, with
greater precision in the parameters, coefficients, and data from Seropédica. The errors
were defined from equations in which, for each state of variable, the exact solution of the
problem, given by (20)-(23), is subtracted from the approximate solution by the FEM
obtained by the authors.

3.1 Finite Element Method

In biological phenomena, analytical solutions are almost impossible to find. Therefore, we
use the numerical tool to solve the test problem (8)-(11), known as the Finite Element
Method (FEM) (Hughes and Hughes, 2000). The FEM is a technique widely used in
solving problems related to applications in heat transfer, elasticity, fluid mechanics, and
dynamic behavior of structures, and seeks an approximate solution with the smallest
possible residue for the problem.

10
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The implementation of the Finite Element Method solves the problem by discretizing the
spatial domain , that is, by forming regular geometric divisions of the domain (mesh).
With the help of the Gmsh software (Geuzaine and Remacle, 2009), a mesh representing
the municipality of Seropédica was generated. In this mesh, the geometric divisions are
called finite elements and were represented by triangles. All finite elements are connected
by nodal points or finite element nodes (vertices of the triangles). The triangular element
was chosen because it is the geometric figure that best adapts to the contours of complex
domains, such as the map of the municipality of Seropédica.

The more refined the mesh, the closer the approximate solution to the problem will be
to the actual solution, resulting in increasingly smaller residuals. For this, the nodes and
geometric elements must be sufficiently refined by the spatial domain €2 of the model and
have a small area.

In the Finite Element Method, each element has a basis function associated with each
of its nodes. Basis functions (28) are used to approximate the solution in each finite
element, interpolating the variables M, S, I, R to the vertices of the elements. The basis
function ¢ is a linear function and varies linearly between 0 and 1. That is, if V; is a
vertex of the triangle for ¢ = 1,2, 3, then:

s ={ o %1 (25)

The approximate solution u(z,y) (29) inside a triangular element is a linear combination
of the basis functions, where u1, us, and uz are the values of the solution at each node:

u(z,y) = uy - ¢1(x,y) +uz - P2z, y) + uz - ¢3(x,y) (29)

For a set of triangles, i.e., a mesh, the global approximate solution U(z,y) is given as the
sum of the approximate solutions in each triangular element. Since this is a simulation
of the vital dynamics of dengue, the simulation time, denoted by ¢, must be included.
Thus, the global solution (30) can be represented by:

Mvértices

U($7y’t): Z Uj'(f)j(.]?,]/) (30)

=1
e Galerkin method

The Galerkin method creates a system for partial differential equations with the aim of
finding the values of the quantities M}, S, I;, R; for j = 1,2, 3, which are the approximate
solutions at each node of the triangular element.

From (30), the approximate global solutions for each quantity M, S, I, R can be described
as in equations (31)-(34):

11
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Mvértices

My (2, y,t) = Y m;-¢;(z,y); (31)
j=1

Sy = S sy byey) (32)
j=1

L) = S b6y (33)
j=1

Ryen) = S 7y 65oy): (34)
j=1

In each three-node element, for each quantity M, S, I, R, the local solutions can be de-
scribed as in equations (35)-(38):

M. (z,y,t) = mi(t) - ¢1(z,y) +ma(t) - p2(x,y) +m3(t) - d3(x,y); (35)
Se(w,y,t) = s1(t) - p1(z,y) + s2(t) - d2(,y) + s3(t) - d3(x, y); (36)
L(w,y,t) = i1(t) - p1(w, y) +i2(t) - p2(z,y) +i3(t) - ¢3(x, y); (37)

Re(z,y,t) =r1(t) - d1(z,y) +r2(t) - g2(z,y) +r3(t) - d3(z,y); (38)

The nonlinear differential equations of the MSIR model describe the behavior of each
compartment, representing all temporal and spatial iterations. Since we seek an exact
solution, there will be a residue at least at one point in the spatial domain 2. Therefore,
the global solution does not satisfy the corresponding partial differential equation. The
residue can be expressed by the equations (39)-(42):

oM,

Ry = o V- (apy VM) — vMg + My — fo; (39)
Rs = % -V - (aaVSy) + M,S, — fi; (40)
Ry = % — V- (agVly) = BS;My + o1, — fo; (41)
Rp = 8;9 — V- (arVR,) — o1, — f5. (42)

The Galerkin method reduces the residual through the inner product with a test function
vy, seeking to make the residual orthogonal to the test function v, (equivalent to the
basis function ¢;), where n is the number of vertices, expressed in the equation (43)
below:

< Rgpp,vp >= / Repp - v, dQ2 =0 (43)
Q

12
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Through algebraic manipulations, for M, we find (44)-(45):

oM
/Q [ atg (VM) — vMy + M, — fo} -V, dQ = 0; (44)
g — / (ap VM) - v, dQ — / vMy — pMg + fo) - vpdd = 0;  (45)
)

Using the Divergence Theorem in this component (46):

- /Q [V - (apVMy)] - v, dQ (46)

We obtain (47):

—/ [V-(aMVMg)]-VndQ:+/(aMVMg)-(an)dQ— (anr VMg -n)v, dS (47)
Q Q o0

Finally, it results in (48):

M
My & do+ / (VM) - (Vv,)dS — / (WM, — M, + fo)vadS =
o Ot Q Q

/8 (@u VM, v, dS (48)

For the partial differential equation of the susceptible compartment S, remembering that
the residue is of the form (49):

0S
Rs = 87759 — V- (aaVSy) + fM,S, — fi; (49)

We can obtain (50)-(51) through the vector product:
08,
Ll V- (agV8y) + fMyS,; — fi| - v dQ2 = 0; (50)
—= - vpd§) — / (apV8y)] - v, dQ + / (BMySy — f1) - vpdQ = 0; (51)
Q Q

13
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The weak form for EDP related to susceptible individuals S, by the Divergence Theorem,
will be of the form (52):

% v, dQ + / (agVS8y) - (Vvy,)dQ —|—/ BMgS, - vpd§) — / f1-vpdQ =
o Ot Q Q Q

/ (anVS, - n)vadS  (52)
o0

For the differential equation linked to infected individuals I, the corresponding residual
has the equation (53):

— aIQ

Ry =52 =V (anVI,) - #S;M, + o1, — f (53)

The vector product results in the equations (54)-(55):

/ {%Itg — V- (agVl,) — AS,M, + oI, — fz} vy dQ =0 (54)
Q

a1,

—= v, d§) — V- (ozHVIg)} -V d€) — (ﬂngg —ol, + f2) - vpd2=10; (55)
o Ot Q Q

Similarly, we obtain the equation (56):

o1,

— - v, dQ + / (ap V) - (Vvy,)dQ — / (BM Sy —oly) - v, dQ — / forvadQ =
o Ot ) Q Q

/ (apgVIg-n)v,dS
a0
(56)

Regarding the partial differential equation of recovered individuals M, the following
equations (57)-(58) result directly from the vector product:

/ {aRg — V- (arVR,) —ol, — f3] v, d2=0 (57)
qQl Ot

MRy vdo— / V- (arVR,)] - vadS — / (o1, + f5) - vad2=0;  (58)
o Ot Q Q

By the Divergence Theorem, it implies that (59):
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R,
o ot

vnd + / (@RVR,) - (Vvy)dS — / (o1,) - Vud©) — / Fa - vnd =
Q Q Q

/ (aRVR, - n)vndS  (59)
oQ

These are the weak forms of the partial differential equations referring to the MSIR model.
The weak form equations result in a large system of nonlinear differential equations, where
we seek the values of my,s;,4;,7;, corresponding to the values of the solutions at the
nodes of the triangular elements. This system is sparse due to the definition of the basis
function ¢;, which is nonzero only at the nodal points that have the same triangular
element in common.

e Crank-Nicolson Method and Newton’s Method

The Crank-Nicolson method (Crank and Nicolson, 1947) was used for temporal dis-
cretization and the Newton method (Burden and Faires, 2011) to receive the system of
nonlinear PDEs and linearize it to solve iteratively at each time step. The discretization
of the time line ¢4, relative to the simulation time of the test problem, was 10 intervals.

tol=10"8 tol:IO*S\ tol=10"8 tol=10"8 1)

0 0.1 0.2 -

The stopping criterion considered for Newton’s method at each time interval was 1078,
That is, at each time step, Newton’s method iterates until the solution reached is less
than 1078,

4 Results obtained

The discretization of the continuous spatial domain 2 was performed using Gmsh soft-
ware. The software can be used to generate a mesh from a file containing the latitude
and longitude coordinates of the domain boundary. In total, the first mesh generated
had 473 nodes and 860 triangular finite elements, as shown in Figure 5.
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Figure 5: Initial discretization of the spatial domain 2 of the model.

The ParaView software Ahrens et al. (2005) was used, into which a file containing the
mesh data generated by Gmsh was submitted. In ParaView, a proprietary calculator
was used to return the residual of the solution found by the FEM. In these equations, for
each state variable M, .S, I, R, the previously defined exact solution of the problem was
subtracted from the approximate solution by MEF. Thus, a graph was generated with a
color scale ranging from 0 to the maximum absolute error. In red, it was indicated where
the approximate solution obtained by FEM obtained the maximum absolute error. For
each compartment, a graph with a color scale was generated:

e Error graph for the initial discretization of the spatial domain Q:
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Figure 6: Maximum absolute error for each state variable.

For a better solution, a more refined mesh is needed. The initial mesh was not sufficiently
refined and therefore obtained a still considerable maximum absolute error. The initial
file submitted to the Gmsh software was manipulated, removing some points from its
contour that were too close together. The removal of the points does not interfere with
the method and made it possible to generate a more uniform mesh from the first one.
The new discretization in the Figure 7 consisted of 893 nodal points and 1672 finite
elements.
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Figure 7: Second discretization of the spatial domain 2 of the model.

The process was redone to calculate the maximum absolute error for each compartment
M, S, I, R in the ParaView software, and is shown in the graphs below:

e Error graph for the second discretization of the spatial domain :
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Figure 8: Maximum absolute error for each state variable.

In order to make the solution obtained even closer to the exact solution, the second mesh
was refined again with the help of Gmsh software. The third discretization in the Figure

9 had 1660 nodes and 3159 finite elements.
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Figure 9: Third discretization of the spatial domain € of the model.
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The maximum absolute errors for each state variable of the third discretization are illus-
trated below:

e Error graph for the third discretization of the spatial domain §2:
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Figure 10: Maximum absolute error for each state variable .

Based on the graphs generated by ParaView, we recorded the maximum absolute errors
that each state variable M, S, I, R obtained for each mesh in the table 1.

Table 1: Maximum absolute error for the MSIR model variables at different mesh refine-

ments.
Nodes ‘ Elements ‘ M S I R
Mesh 1 473 860 6.9-107* | 2.0-10~* | 2.0-10~* | 0.07-10~*
Mesh 2 893 1672 1.2-10~% 1.2-10~% 1.2-10~% | 0.07-10~*
Mesh 3 1660 3159 1.2-10~* 1.2-10~* 1.2-10~% | 0.07-10~*

This factor shows us that a finer mesh is the best option for a simulation, due to the
improved accuracy of the approximate solution. The next step in the research will be to
simulate the dengue epidemic during December 2023 to February 2024 for the mesh used
in the example, taking into account factors such as rainfall indices, number of containers
with accumulated water, and geographic data provided by the municipal government.
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5 Conclusion

The main objective of this work was the development and validation of the computational
implementation, based on the Finite Element Method (FEM), to solve the system of
PDEs for the MSIR model of dengue spatial propagation. Validation was performed
using a test problem with a known exact solution.

Since the maximum error of order 10~* is within the expected range for the simula-
tion, it’s believed that the FEM implementation was successful. The convergence anal-
ysis showed that refining the spatial mesh representing the continuous domain of the
Seropédica region, by increasing the number of nodal points, led to a reduction in the
maximum absolute error across all state variables of the model M, S, I, R. This factor in-
dicates that a more refined mesh is the best option for a simulation, due to the improved
precision of the approximate solution.

The next step in the research will be to simulate the dengue epidemic from December
2023 to February 2024 for the mesh used in the example, taking into account factors
such as rainfall indices, the quantity of water-accumulating receptacles, and geographical
data provided by the municipality’s city hall.
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