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Abstract This paper proposes an exact method to solve an integer indefinite
quadratic bilevel problem with multiple objectives at the upper level, where the
objective functions at both levels are a product of two linear functions. The sug-
gested algorithm uses a branch and cut algorithm based on a multiobjective in-
teger linear problem obtained by replacing the indefinite quadratic objectives of
the upper level by their two linear functions and the classical branch and bound
technique for integer decision variables. Then, the integer solutions obtained are
tested for optimality of the lower level problem by using a library IBM CPLEX
12.8 for C++ programs.
The integer indefinite quadratic bilevel programming problem with single objec-
tive at both levels is solved in the first step, based on the dantzig cut. The second
phase explorates with the efficient cut to provide the set of efficient solutions with-
out listing the whole integer domain.
After the presentation of the algorithm, a numerical example and computational
experiments are provided.

Keywords Multi-objective programming · bilevel programming · integer
programming · quadratic programming · linear programming · branch and cut
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1 Introduction

Two types of decision makers with hierarchical structure exist in a bilevel pro-
gramming problem: a leader and a follower, called upper and lower level decision
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2 Fatima Fali, Mustapha Mouläı

makers respectively. In this problem, the feasible region of the upper level prob-
lem is implicitly determined by the optimization problem of the lower level. These
areas have been widely studied in the literature [11,26,12,9] and often appear in
many practical problems [4].

Moreover, in [25,28] tackled the integer indefinite quadratic bilevel programming
problem: Narang and Arora [25] proposed an algorithm for solving such a problem
with bounded variables, recently Maachou and Mouläı[28] presented an algorithm
where the optimal solution of the integer indefinite quadratic problem belongs to
the efficient solutions set of the corresponding bicriteria problem.

Furthermore, in real-world, decision-making processes can have multiple conflict-
ing objectives to optimize, for example, in transportation system planning and
traffic management, a situation like this can be modelled like a bilevel program-
ming problem with multiple objectives at the upper level [27]. In multiobjective
optimization problems, a feasible solution is said to be efficient if it is impossible
to increase the value of any objective function without decreasing the values of
the other objective function in a multiobjective optimization problem, in contrast
to a single optimisation problem [8].

In multiple objective bilevel problems, some researchers have presented algorithms
for the linear bilevel multiobjective programming problems [2,3,6,14–16,18,20].
However, non linear bilevel multiobjective programming problems have not been
treated much in the literature: Shi and Xia [22,23] presented an interactive method,
Abo-Sinna [1] and Osman et al. [19] proposed the usage of fuzzy set theory for con-
vex problems, Teng et al.[24] and Deb and Sinha [10] provided some evolutionary
algorithms, Bonnel and Morgan suggested a method based on a penalty approach
in [5] and Zheng and Wan [30] proposed an exact penalty method. Concerning the
indefinite quadratic bilevel programming problem with multiple objectives, Arora
[29] developed two algorithms to find an efficient solution, one of them dedicated
to the problem with multiple objectives at the upper level and the other dedicated
with multiple objectives at both levels.

An algorithm has been proposed by Fali and Mouläı in [13] that generates the
whole integer efficient solutions of a linear fractional integer bilevel maximization
problem with multiple objectives at the upper level based on the branch and cut
algorithm.

This study draws inspiration from the method described in [13], an exact algo-
rithm for solving an indefinite quadratic integer bilevel maximization problem
with multiple objectives at the upper level, is proposed. The algorithm developed
strengthen the branch and bound procedure by adding a dantzig cut [28] for finding
the optimal bilevel solution of the integer indefinite quadratic bilevel programming
problem with single objective at both levelsand Chergui and Mouläı’s efficient cut
[8] to the branching process for finding the efficient set.

In the following section, some basic definitions and notations are defined. The
third section is devoted how to solve multiple objectives indefinite quadratic pro-
grams. The fourth section is dedicated to the presentation of the exact algorithm
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Indefinite quadratic bilevel programs with multiple objectives at the upper level 3

for solving integer indefinite quadratic bilevel programs with multiple objective
functions at the upper level, while an illustrative example and numerical experi-
ments are reported in the fifth and sixth sections respectively. The last section of
the paper is dedicated to the conclusion.

2 Definitions and notations

The integer indefinite quadratic bilevel programs with multiple objective functions
at the upper level can be formulated as:

(IQMOBP )



max
(x,y)

F 1(x, y) = (c11x+ c12y + α1)(d11x+ d12y + β1)

max
(x,y)

F 2(x, y) = (c21x+ c22y + α2)(d21x+ d22y + β2)

...

max
(x,y)

F k(x, y) = (ck1x+ ck2y + αk)(dk1x+ dk2y + βk)

s.t
A1

1x+A1
2y ≤ b1

where y solves
max

y
g(x, y) = (p1x+ p2y + ω)(q1x+ q2y + δ)

s.t
A2

1x+A2
2y ≤ b2

x ≥ 0, y ≥ 0, and integer

(1)

where
x ∈ Rn1 and y ∈ Rn2 (2)

are variables controlled by the upper level and the lower level decision maker,
respectively;

F, g : Rn 7−→ R, n = n1 + n2 (3)

are the upper level and lower level objective functions, respectively;
k ≥ 2 is the number of objective functions of the leader.
A1

1 ∈ Rm1×n1 ; A1
2 ∈ Rm1×n2 ; b1 ∈ Rm1

A2
1 ∈ Rm2×n1 ; A2

2 ∈ Rm2×n2 ;b2 ∈ Rm2

ci1, d
i
1, p

1, q1 ∈ Rn1 ; ci2, d
i
2, p

2, q2 ∈ Rn2 ; the constants ω, δ, αi,βi ∈ R, i ∈ {1, . . . , k}

2.1 Constraint region

The constraint region of the (IQMOBP ), noted S, is defined by all constraint of
the leader and follower as follows:

S = {(x, y) : A1
1x+A1

2y ≤ b1, A2
1x+A2

2y ≤ b2, x ≥ 0, y ≥ 0} (4)

Throughout this article, it is assumed that S is not empty and (ci1x+ci2y+αi) and
(di1x+di2y+βi) are positive over S for all i ∈ {1, . . . , k} as well as (p1x+p2y+ω)
and (q1x+ q2y + δ).
Let Zn be the set of integer numbers and D be the set of integer solutions over S.
So, D = S ∩ Zn.
In a bilevel problem, the upper level selects its choice first, then the follower reacts
by selecting an y that optimizes its objective function.
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4 Fatima Fali, Mustapha Mouläı

2.2 Lower level problem

For a given x, the lower level problem (LIQP ) can be written as:

(LIQP (x))


max

y
g(x, y) = (p1x+ p2y + ω)(q1x+ q2y + δ)

A2
2y ≤ b2 −A2

1x
y ≥ 0, and integer

(5)

M(x) is the set of optimal solutions to the lower level problem:

M(x) = argmax
y

{g(x, y) : A2
2y ≤ b2 −A2

1x; for a given x} (6)

2.3 Inducible region

The feasible region of the upper level decision maker, called inducible region IR,
is implicitly defined by the lower level optimization problem:

IR = {(x, y∗) ∈ D, y∗ ∈ M(x)}
Therefore, the follower has impact on the realisable region of the upper level and
on the outcoms for his single or multiple objective functions. Particulary, if M(x)
is not singleton and as the leader may not force the follower to choose a response,
the leader cannot reach its maximum over IR.

To avoid this situation, it is assumed that the optimal solution of the lower level
is unique. In other words, for each value x of the upper level problem, there will
be a unique solution y to the lower level problem [7].
All points of IR are bilevel feasible solutions. Taking into account the previous
notations, the bilevel problem formulated in (1) can be written as follows:

(IQMOBP )



max
z

F 1(z) = (c1z + α1)(d1z + β1)

max
z

F 2(z) = (c2z + α2)(d2z + β2)

...

max
z

F k(z) = (ckz + αk)(dkz + βk)

s.t z ∈ IR

(7)

where z = (x, y) ∈ Rn1+n2 , ci = (ci1, c
i
2) ∈ Rn1+n2 and di = (di1, d

i
2) ∈ Rn1+n2 .

Many approaches for solving the bilevel multiobjective optimization problem ([2],
[6], [16], [20]) use the concept of efficiency. The efficient solutions are bilevel feasible
solutions that cannot be improved in one objective function without deteriorating
their performance in at least one of the rest of objective functions.

The objective is to seek to obtain the best of the bilevel feasible solutions depend-
ing to all objective functions, called efficient solutions to the IQMOBP , according
to the following definition:

Definition 1 [6] A bilevel feasible solution z ∈ IR is an efficient solution of
(IQMOBP ) problem if and only if there exists no z ∈ IR, such that F i(z) ≥ F i(z),
for all i ∈ {1, . . . , k} and F i(z) > F i(z) for at least one i ∈ {1, . . . , k}. Otherwise,
z is not efficient and its criterion vector F (z) is dominated by the criterion vector
F (z), where F (z) = F i(z)i=1,. . . ,k.
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2.4 Technique to solve indefinite quadratic problem

Consider the following indefinite quadratic problem:

(IQP )

{
max

z
F 1(z) = f1(z)f2(z)

s.t z ∈ D
(8)

It is known Nash (1950) [17] that an indefinite quadratic problem (IQP) is equiv-
alent to the following problem:

(IQP )

{
max

z
F 1(z) = f1(z)f2(z)

s.t z ∈ XE ⊂ D
(9)

where XE is the set of efficient solutions of bicriteria linear program (10) obtained
by replacing the indefinite quadratic objective by its two linear factors as follows:

(BLP )


max

z
f1(z)

max
z

f2(z)

s.t z ∈ D
(10)

Definition 2 [21] A feasible solution z ∈ D is an efficient solution of (10) problem,
if there is no other z ∈ D such that f1(z) ≤ f1(z) and f2(z) < f2(z) or f1(z) <
f1(z) and f2(z) ≤ f2(z).

Proposition 1 [21] An optimal solution of problem (8), denoted by z∗, is an
efficient solution of problem (10) and therefore its corresponding image in the
criterion space, denoted by F 1(z∗) where F 1(z∗), is a non dominated point.

To generate the optimal solution of the problem (8), means to scan all efficient
solutions of problem (10), noted XE , see [8]. The method is based on solving, at
each step l, a linear problem (ULPl) (l ∈ N), defined by

(ULPl)

{
max

z
f1(z) = (c1z + α1)

s.t z ∈ Sl

(11)

where S0 = S and Sl is a subset of the original set S.
Let z∗l be the first integer solution obtained through solving problem (ULPl) by
using, eventually, the branching process well known in branch and bound tech-
nique. The sets Il and Nl denote, respectively, the index set of basic variables and
the index set of non basic variables of z∗(l). Let cij be the jth component of the

reduced gradient vector ci for each objective function f i, i ∈ {1, 2} at the last
simplex table. That methodology is a branch and cut method so that, at each
step l of the algorithm, a cut (13) is added to the initial domain to avoid non
efficient solutions. To do so, the following index sets at the integer solution z∗(l)

are defined:

Hl = {j ∈ Nl|c2j > 0} ∪ {j ∈ Nl|cij = 0, ∀i ∈ {1, 2}} (12)
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and the inequality

∑
j∈Hl

zj ≥ 1 (13)

Therefore, the set Sl+1 is obtained by applying (23) to z∗(l)

Sl+1 =

z ∈ Sl :
∑
j∈Hl

zj ≥ 1

 (14)

The algorithm [8] generating an integer optimal solution of problem (8) is pre-
sented in the following steps. The nodes in the tree structure are treated according
to the backtracking principle.

Algorithm 1: Algorithm for solving problem (8)

Result: z∗(l) is the integer optimal solution of problem (8)
while there is a non-fathomed node l do

solve the problem (11);
if (16) has an optimal solution z∗(l) then

if z∗(l) = (x∗(l), y∗(l)) is integer then

if the vector F (z∗(l)) is not dominated by the vector F (z) for
any z ∈ XE then

XE = XE ∪ (z∗(l))

if there is a solution z ∈ XE such that F (z∗(l)) dominates F (z)
then

XE = XE \ {z} ∪ {(z∗(l))}
Construct the set Hl;
if Hl = ∅ then

Fathom the node l
else

Add the cut (13) to the successor of l;

else

Choose an index j such as z
∗(l)
j is fractional. Then, split the

program (16) into two sub programs, by adding respectively

the constraints zj ≤
⌊
z
∗(l)
j

⌋
and zj ≥

⌊
z
∗(l)
j

⌋
+ 1 to obtain

(ULPl1) and (ULPl2) ( l1 ≥ l + 1, l2 > l + 1 and l1 ̸= l2);

else
Fathom the node l;

Theorem 1 [8] The proposed algorithm generates the integer optimal solution of
the program (8) in a finite number of iterations, if such solutions exist.
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2.5 Technique to solve indefinite quadratic bilevel problem with a
single objective at each level

The integer indefinite quadratic bilevel problem with a single objective function
at each level can be formulated as:

(BP )

{
max
(x,y)

F 1(x, y) = (c11x+ c12y + α1)(d11x+ d12y + β1)

s.t (x, y) ∈ IR
(15)

Definition 3 [25] A bilevel feasible solution (x, y) ∈ IR is an optimal solution
of problem (15) if and only if there exists no (x, y) ∈ IR, such that F 1(x, y) >
F 1(x, y).

To generate the optimal solution of the problem (15), the proposed method is
based on solving, at each step l, an indefinite quadratic programming problem
(UQPl)(l ∈ N) at the upper level,using the above algorithme 1, defined by:

(UQPl)

{
max F 1(z) = (c1z + α1)(d1z + β1)
s.t z ∈ Sl

(16)

S0 = S and Sl is a subset of the original set S.
Solve program (UQP0) first. This phase consists in solving problem (16) at step
l and the integer optimal solution z∗(l) = (x∗(l), y∗(l)), it is tested for optimality
of the lower level problem (5). To do so, let x be fixed at x = x∗(l) and let ŷ be
an integer optimal solution of the lower level problem (5), such a problem can be
transformed into a second-order cone program and can be solved by a library IBM
CPLEX 12.8 for C++ programs. If y∗(l) = ŷ, z∗(l) = (x∗(l), y∗(l)) is an integer
bilevel optimal solution of problem (15).
If this solution is not a bilevel feasible solution of problem (15), a cut (17) is added
and repeat the process.
To do this, the cut defined from the simplex table corresponding to the integer
optimal solution z∗(l) of the problem (16) is:∑

j∈Nl

zj ≥ 1 (17)

The dantzig cut (17) is added to the current simplex table, which allows to elim-
inate the integer optimal solution z∗(l) of problem (16) and find the second best
integer solution of the problem (16)[13].
Therefore, the set S1

l+1 is obtained by applying (17) to z∗(l)

S1
l+1 =

z ∈ Sl :
∑
j∈Nl

zj ≥ 1

 (18)

It follows that the cut (17) eliminates from Sl only the integer optimal solution of
problem (16).

This phase finishes when the problem is infeasible or the integer optimal solu-
tion of problem (15) is found.
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The algorithm which determines an integer optimal solution of problem (15)
is presented in the following steps:

Algorithm 2: Algorithm for solving problem (15)

Result: Let z∗(l) be the integer optimal solution of problem (15)
Initialization l = 0, S0 = S, SE = ∅;
while SE = ∅ do

Solve the problem (16) and find its integer optimal solution;
if (16) has an integer optimal solution z∗(l) = (x∗(l), y∗(l)) then

Put x = x∗(l) and solve the problem (5).
Let ŷ be the integer optimal solution of problem (5);
if y∗(l) = ŷ then

z∗(l) = (x∗(l), y∗(l)) is the integer optimal solution of problem
(15), SE = {z∗(l)}

else
Add the cut (17) to the successor of l;

else
The integer optimal solution of problem (15) does not exist;

Theorem 2 The proposed algorithm generates integer an optimal integer solution
of the program (15) in a finite number of iterations, if such a solution exist.

Proof As S is assumed to be bounded, the set D is finite and bounded. Since the
feasible region is bounded and is truncated at each step by branching process and
repeated applications of cut (17) corresponding to the respective integer optimal
solution of problem (UQPk), k > l, the whole of S is scanned in such a way that
points once scanned and truncated cannot reappear, leading to convergence of the
procedure in a finite number of steps. In the case where, the decision set Sl does
not contain any optimal integer solution, the subtree rooted at node l is explored
and all nodes are fathomed after finitely many steps.

3 Technique to solve multiple objectives indefinite quadratic programs

Consider the multiobjective indefinite quadratic problem defined by:

(IQMOP )



max
z

F 1(z) = (c1z + α1)(d1z + β1)

max
z

F 2(z) = (c2z + α2)(d2z + β2)

...

max
z

F k(z) = (ckz + αk)(dkz + βk)

s.t z ∈ Xu

(19)
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where Xu represents the integer efficient set of the following (20) problem defined
by:

(LMOP )



max
(z)

f1(z) = (c1z + α1)

max
(z)

f2(z) = (d1z + β1)

max
(z)

f3(z) = (c2z + α2)

max
(z)

f4(z) = (d2z + β2)

...

max
(z)

f2k−1(z) = (ckz + αk)

max
(z)

f2k(z) = (dkz + βk)

s.t z ∈ D

(20)

Proposition 2 An efficient solution of problem (19), denoted by z∗, is an efficient
solution of problem (20) and its corresponding image in the criterion space, denoted
by F (z∗) where F (z∗), is a non dominated by the criterion vector F (z), where
F (z) = F i(z)i=1,. . . ,k.

Proof Suppose that z∗ is an efficient solution of Problem (19) but it is not an
efficient solution of Problem (20). By definition, this implies that there must exist
a feasible solution denoted by z ∈ IR that dominates z∗. In other words, we
must have f i(z∗) ≤ f i(z), for all i ∈ {1, ..., 2k} and f i(z∗) < f i(z) for at least
one i ∈ {1, ..., 2k}. Therefore, we must have that 0 < F i(z∗) ≤ F i(z), for all
i ∈ {1, ..., k} and F i(z∗) < F i(z) for at least one i ∈ {1, ..., k}. Consequently, z∗
cannot be an efficient solution of Problem (19) (a contradiction).

4 Technique to solve integer indefinite quadratic bilevel programs with
multiple objectives at the upper level

Let SE be the set of efficient solutions of the problem (1) initialized to the empty
set.
The first phase of the algorithm starts by finding the optimal solution of the
problem (15), using the above algorithm (2).
Once an integer optimal solution of problem (15) is achieved, the second phase
of the algorithm generate the set of efficient solutions without enumerating the
whole integer domain the strategy consists in solving program (21), defined by

(ULPl)

{
max

z
f1(z) = (c1z + α1)

s.t z ∈ S2
l

(21)

at each step of the algorithm. Then, to update the reduced gradient vector ci,
i ∈ {1, ..., 2k}, 2k lines are added to basic simplex table and reduced costs are
calculated with respect to the corresponding basis.

In case this optimal solution is not integer, let z
∗(l)
j be one component of z∗(l) so

that z
∗(l)
j = νj , where νj is a fractional number. The node l of the tree is then sep-

arated in two nodes which are imposed by the additional constraints z
∗(l)
j ≤ ⌊νj⌋
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10 Fatima Fali, Mustapha Mouläı

and z
∗(l)
j ≥ ⌊νj⌋+ 1, where ⌊νj⌋ indicates the greatest integer less than νj .

As soon as an integer solution z∗(l) = (x∗(l), y∗(l)) is found at the new node l,
it is tested for optimality of the lower level problem (5). To do so, let x be fixed
at x = x∗(l) and let ŷ be an integer optimal solution of the lower level problem
(5), such a problem can be transformed into a second-order cone program and
can be solved by a library IBM CPLEX 12.8 for C++ programs. If y∗(l) = ŷ,
z∗(l) = (x∗(l), y∗(l)) is an integer bilevel feasible solution of problem (1).
When an integer bilevel feasible solution is obtained, it is compared to the set
of efficient solutions SE and the set SE is updated. The cut (23) is established
and added to the current simplex table, which allows avoiding the non-efficient
solutions of problem (1) and determining a new integer solution.
To do so, the set of indexes of all increasing directions of the criteria for each node
l, is defined as follows:

Hl = {j ∈ Nl|∃i ∈ {2, ..., k}, cij > 0} ∪ {j ∈ Nl|cij = 0,∀i ∈ {1, ..., k}} (22)

and the inequality

∑
j∈Hl

zj ≥ 1 (23)

is called efficient cut, which removes only non efficient integer solutions [8].
Therefore, the set S2

l+1 is obtained by applying (23) to z∗(l)

S2
l+1 =

z ∈ Sl :
∑
j∈Hl

zj ≥ 1

 (24)

where S2
l+1 is the complement of S1

l+1 to Sl+1:

Sl+1 = S1
l+1 ∪ S2

l+1

However, if no improvement of the criteria can be done along the remaining
domain (Hl = ∅), the node l is fathomed.

This phase finishes when all the created nodes are fathomed. A node l of the
tree is fathomed if the corresponding program is infeasible or the set Hl is empty.

The algorithm generating the set of efficient solutions of problem (1) is presented
in the following steps. The nodes in the tree structure are treated according to the
backtracking principle.
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Algorithm 3: Algorithm for solving problem (1)

Result: SE is the efficient set of problem (1)
Initialization By using the above algorithm 2, we generate the integer
optimal solution z∗(l) of problem (15), start with SE = {z∗(l)};

while there is a non-fathomed node l do
solve the problem (21);
if (21) has an optimal solution z∗(l) then

if z∗(l) = (x∗(l), y∗(l)) is integer then

Put x = x∗(l) and solve the problem (5).
Let ŷ be the integer optimal solution of problem (5);
if y∗(l) = ŷ then

if the vector F (z∗(l)) is not dominated by the vector F (z)
for any z ∈ SE then

SE = SE ∪ (z∗(l))

if there is a solution z ∈ SE such that F (z∗(l)) dominates
F (z) then

SE = SE \ {z} ∪ {(z∗(l))}

Construct the set Hl;
if Hl = ∅ then

Fathom the node l
else

Add the cut (23) to the successor of l;

else

Choose an index j such as z
∗(l)
j is fractional. Then, split the

program (21) into two sub programs, by adding respectively

the constraints zj ≤
⌊
z
∗(l)
j

⌋
and zj ≥

⌊
z
∗(l)
j

⌋
+ 1 to obtain

(UIQPl1) and (UIQPl2) ( l1 ≥ l + 1, l2 > l + 1 and l1 ̸= l2);

else
Fathom the node l;

The following theoretic [8,13] tools show that the algorithm generates efficient
integer solutions of program (1) in a finite number of iterations.

Theorem 3 [8,13] Assume that Hl ̸= ∅ at the current integer solution z∗(l). If z
is an integer efficient solution in domain Sl \ {z∗(l)}, then z ∈ Sl+1.

Corollary 1 [8,13] Assume that Hl ̸= ∅ at the current integer solution z∗(l).
Then constraint

∑
j∈Hl

zj ≥ 1 defines an efficient cut.

Proposition 3 [8,13] If Hl = ∅ at the current integer solution z∗(l), then Sl \
{z∗(l)} is an explored domain.

Theorem 4 The proposed algorithm generates efficient integer solutions of the
program (IQMOBP ) in a finite number of iterations, if such a solution exist.

Proof As S is assumed to be bounded, the set D is finite and bounded, conse-
quently the cardinal efficient set SE is a finite number. Each time an optimal
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integer solution z∗(l) is calculated the efficient cut is added if z∗(l) /∈ SE or not.
Thus, according to the above theorem and corollary, at least the solution z∗(l) is
eliminated when one studies any sub-problem (ULIQPk), k > l. In the case that
there is no optimal integer solution in the decision set Sl, the subtree rooted at
node l is explored and all nodes are fathomed after finitely many steps.

5 Illustrative example

To illustrate the use of the algorithm, consider the following problem:

(IQMOBP )



max
x1

F 1(x1, y1, y2) = (x1 + 2y2 + 3)(3y1 + 2)

max
x1

F 2(x1, y1, y2) = (2x1 + y1 + 2)(y2 + 1)

s.t
3x1 + y1 + 2y2 ≤ 5
y1 + y2 ≤ 3
where (y1, y2) solves

max g(x1, y1, y2) = (y2 + 1)(x1 + y1 + y2 + 3)
s.t
x1 + 2y1 + y2 ≤ 2
3y1 + 2y2 ≤ 6
x1 ≥ 0, y1 ≥ 0, y2 ≥ 0, integers

(25)
Initialization: Put (y1, y2) = (x2, x3) and S = {(x1, x2, x3) : 3x1 + x2 + 2x3 ≤
5, x2 + x3 ≤ 3, x1 + 2x2 + x3 ≤ 2, 3x2 + 2x3 ≤ 6, x1 ≥ 0, x2 ≥ 0, x3 ≥ 0}.
Start with SE = ∅, l = 0.

(IQP0)



max F 1(x1, x2, x3) = (x1 + 2x3 + 3)(3x2 + 2)
s.t
3x1 + x2 + 2x3 ≤ 5
x2 + x3 ≤ 3
x1 + 2x2 + x3 ≤ 2
3x2 + 2x3 ≤ 6
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, integers

(26)

5.1 Phase I

Node 0:

1. The solution mentioned in Table 1 is integer after solving the program IQP0:
z∗(0) = (0, 0, 2).
(a) Put x1 = 0 in the lower level problem, the integer optimal solution found

is (y
∗(0)
1 , y

∗(0)
2 ) = (0, 2).

(b) Since (y
∗(0)
1 , y

∗(0)
2 ) = (x

∗(0)
2 , x

∗(0)
3 ), the solution z∗(0) = (0, 0, 2) is integer

efficient solution of our problem (IQMOBP ), then the set SE = {(0, 0, 2)}
with F (z∗(0)) = (14, 6) and H1 = {1, 2}.
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5.2 Phase II

1. Node 1: After adding the efficient cut x1 + x2 ≥ 1 to Table 1. Table 2 is ob-
tained, as well as the optimal solution z∗(1) = (1, 0, 1) with F (z∗(1)) = (12, 8),
the set SE = {(0, 0, 2), (1, 0, 1)} and H1 = {2, 8}.

(a) z∗(1) = (1, 0, 1), put x1 = 1 in the lower level problem, the integer optimal
solution found is (0, 1). Since (0, 1) = (0, 1), the solution z∗(1) = (1, 0, 1) is
a bilevel efficient solution of our problem (25).

(b) Node 2: After adding the efficient cut x2+x8 ≥ 1 to Table 2. The solution
found, z∗(2) = (53 , 0, 0), is not integer. So, the node is divided in two nodes.

(a) Node 4: After adding the constraint x1 ≤ ⌊5
3⌋, the optimal solution is

obtained z∗(3) = (1, 1
2 , 0). This solutions too is not integer. So, the node is

divided in two nodes.

i. Node 5: After adding the constraint x2 ≥ ⌈1
2⌉, Table 2 is obtained,

with optimal solution z∗(1) = (0, 1, 0) and F (z∗(1)) = (15, 3) and
H1 = {2, 8}.

A. z∗(1) = (0, 1, 0), put x1 = 0 in the lower level problem, the integer
optimal solution found is (0, 2).
Since (1, 0) ̸= (0, 2), the solution z∗(1) = (0, 1, 0) is not a bilevel
efficient solution of our problem (25).

ii. Node 6: After adding the constraint x2 ≤ ⌊1
2⌋. Table 2 is obtained

with optimal solution z∗(1) = (0, 0, 1) and F (z∗(1)) = (8, 4) when is
dominated and H1 = ∅, then the node is fathomed.

iii. z∗(5) = (0, 0, 1), put x1 = 0 in the lower level problem, the inte-
ger optimal solution found is (0, 2). Since (0, 1) ̸= (0, 2), the solution
z∗(1) = (0, 0, 1) is not a bilevel efficient solution of our problem (25).

(b) Node 3: After adding the constraint x1 ≥ ⌈5
3⌉ the problem becomes infea-

sible, then the node is fathomed.

2. Node 8: After adding the efficient cut x2 + x9 ≥ 1 to Table 4, the problem
becomes infeasible, then the node is fathomed.

Then the set of all integer efficient bilevel solutions for the main problem (25)
is {(1, 0, 1), (0, 0, 2)}
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Table 1 Simplex table for node 0.

B0 x1 x2 x6 Rhs

x4 1 -3 -2 1
x5 -1 -1 -1 1
x3 1 2 1 2
x7 -2 -1 -2 2

c11j + c12j − z
1(1)
j -1 -4 -2 -7

d11j + d12j − z
1(2)
j 0 3 0 -2

c21j + c22j − z
2(1)
j 2 1 0 -2

d21j + d22j − z
2(2)
j -1 -2 -1 -3

Table 2 Simplex table for node 1.

B1 x2 x6 x8 Rhs

x4 -4 -2 1 0
x5 0 -1 -1 2
x3 1 1 1 1
x7 1 -2 -2 4
x1 1 0 -1 1

c11j + c12j − z
1(1)
j -3 -2 -1 -6

d11j + d12j − z
1(2)
j 3 0 0 -2

c21j + c22j − z
2(1)
j -1 0 2 -4

d21j + d22j − z
2(2)
j -1 -1 -1 -2
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Table 3 Simplex table for node 5.

B2 x9 x10 x11 Rhs

x4 -2 -3 -1 2
x5 -1 0 -1 3
x3 1 0 0 0
x7 -2 0 -3 6
x1 0 1 0 1
x8 -1 0 -1 1
x2 0 0 1 0
x6 -1 -1 -2 1

c11j + c12j − z
1(1)
j -2 -1 0 -4

d11j + d12j − z
1(2)
j 0 0 -3 -2

c21j + c22j − z
2(1)
j 0 -2 -1 -4

d21j + d22j − z
2(2)
j -1 0 0 -1

Table 4 Simplex table for node 6.

B2 x6 x9 x11 Rhs

x2 0 0 -1 1
x5 -1 -1 1 2
x3 1 1 0 0
x7 -2 -2 3 3
x1 0 -1 2 0
x8 0 -1 1 0
x4 -2 1 -5 4
x10 0 1 -2 1

c11j + c12j − z
1(1)
j -2 -1 -2 -3

d11j + d12j − z
1(2)
j 0 0 3 -5

c21j + c22j − z
2(1)
j 0 2 -3 -3

d21j + d22j − z
2(2)
j -1 -1 0 -1

To summarize the proposed Branch & Cut method throughout this example, a
tree representing states of the nodes during the process is presented (Figure (1)).
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N0 z∗(0) = (0, 0, 2) ∈ SE
H1 = {1, 2}

N8M(x
∗(0)
1 ) = {(0, 2)}

N1 z∗(1) = (1, 0, 1) ∈ SE
H2 = {2, 8}

N9M(x
∗(1)
1 ) = {(0, 1)}

N2 z∗(2) = ( 5
3
, 0, 0)

N5 N11

M(x
∗(4)
1 ) = {(0, 1)}

x
∗(4)
1 = 1

z∗(4) = (1, 0, 0) /∈ SE
H3 = ∅

N6 z∗(5) = (0, 1, 0) /∈ SE
H4 = {9, 11}

N10

M(x
∗(5)
1 ) = {(0, 2)}

N7Infeasible

N4 z∗(3) = (1, 1
2
, 0) N3

Infeasible

x1 + x2 ≥ 1x1 + x2 ≥ 1

x
∗(0)
1 = 0

x
∗(5)
1 = 0

x
∗(1)
1 = 1

x2 + x8 ≥ 1

x2 ≤ 0x2 ≥ 1

x1 ≤ 1 x1 ≥ 2

x9 + x11 ≥ 1

Fig. 1 Tree representing states of nodes during Branch & Cut algorithm.

6 Numerical experiments

The method was implemented with the compiler Visual C++ 14.0 and the pro-
gram was run on an Intel(R) Core (TM) i5 CPU 2.4 GHZ with 4 GB of the
main memory and the operating system Windows10. the method was tested with
randomly generated instances. The data is randomly generated by an integer uni-
form distribution in the interval [1, 10] for constraints coefficients and [50,100] for
right hand side coefficient bj. The vectors ci1, d

i
1, c

i
2, d

i
2, p1, p2, q1, q2 and the scalars

αi, βi, ω, δ are generated in [1,10] to ensure the necessary condition of positivity
for (ci1x+di1y+αi) and (ci2x+di2y+βi), i ∈ {1, ..., k} as well as (p1x+p2y+ω) and
(q1x+ q2y+ δ) and the lower level problem is solved using a library IBM CPLEX
12.8 for C++ programs. For each instance (n1, n2,m1,m2, r) where n1, n2, m1,
m2 and r are respectively the number of leader variables, the number of follower
variables, the number of leader constraints, the number of follower constraints and
the number of leader objectives, a series of 10 instances of the problem were solved.
The obtained performance of the algorithm is summarized in Table 5 where the
average CPU time (in seconds) and the average number of efficient solutions are
reported. Also, the minimum and maximum values of each measure are reported
in brackets.
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Table 5 shows that the suggested algorithm can solve small size instances of the
problem in a reasonable CPU time. However, the results indicate that the CPU
time increases exponentially with the size of the instance. Moreover, the number
of objective functions at the upper level does not significantly increase the CPU
time. It should also be noted that, for large scale instances, it becomes unrealistic
to generate the set of efficient solutions in a reasonable CPU time. This is due
to various factors such as the bilevel and multiobjective nature of the problem,
the accuracy of the method, the nonlinearity of the objective functions, and the
discrete environment of the research domain.

Table 5 Computational results

Number of efficient solutions CPU (second)
r n1 + n2 m1 +m2 n2 m2 Average [Min; Max] Average [Min; max]

5 10 10 5 5 7.6[2; 13] 1.65[0.79; 2.82]
20 10 10 5 18[8; 33] 13.72[11.03; 18.7]
30 20 10 10 49.7[23;109] 38.30[21.4; 56.23]
40 30 20 20 35.1[15; 71] 47.06[32.67; 72.66]
50 40 30 30 28.4[8; 55] 128.91[69.77; 220.98]
60 50 30 40 39[11; 63] 249.84[216.53; 279.76]
70 60 30 50 35.5[11; 82] 559.91[494.37; 738.83]
80 70 30 60 48.3[17; 98] 1113.62[1005.87; 1228.86]
90 80 50 70 44[22; 125] 2304.6[1972.28; 2526.94]
100 90 60 80 67.12[34; 146] 4220.07[4019.97; 4419.8]

10 10 10 5 5 8.7[4; 14] 1.83[1.01; 3.34]
20 10 10 5 36.6[5; 82] 13.1[9.24; 25.37]
30 20 10 10 153.2[44; 317] 35.88[17.26; 62.69]
40 30 20 20 129.2[86; 251] 81.75[44.59; 153.84]
50 40 30 30 114 [27; 354] 190.87[92.83; 297.93]
60 50 30 40 60.6[17;160] 318.63[243.26; 398.29]
70 60 30 50 77.7[31; 157] 705.42[520.35; 838.83]
80 70 30 60 123.9[28; 326] 1375.11[1024.21; 1609.09]
90 80 50 70 150.75[63; 474] 2917.5[2115.64; 3345.03]
100 90 60 80 102.62[46; 304] 4833.1[4034.46; 5158.01]

7 Conclusions

This paper proposed an exact algorithm for solving an indefinite quadratic inte-
ger bilevel program with multiple objectives at the upper level (1). The branch
and bound method, is used to generate integer solutions after solving the upper
level problem. When the integer solutions of the upper level are obtained, they
are tested for optimality of the lower level problem (5) by using a library IBM
CPLEX 12.8 for C++ programs.
Finding the integer optimal bilevel solution to the problem (15) is the focus of cut
(17) and the efficient cut [8] is introduced after the initial integer bilevel solution
is obtained and new integer efficient solutions are found. The feasible domain is
reduced at each step since the efficient cut [8] utilized here eliminates non efficient
solutions. When they exist, the IIQMOBP problem’s set of efficient solutions is
determined after a finite number of iterations.
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However, the algorithm can be used with parallel optimization and a more pow-
erful machine to make more it more effective.
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