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Abstract
Congruence analysis is widely used to monitor structural stability through statis-
tical analysis of differences in estimated coordinates of geodetic network points
across observation epochs. Traditional methods for the identification of unsta-
ble points rely on either iterative hypothesis tests or combinatorial procedures,
each with inherent limitations. To overcome these, we propose the Sequential
and Combinatorial Geometry-Free Unstable Point Identification (SeqCup-Free)
method, which integrates combinatorial analysis and likelihood ratio tests within
a sequential framework. Unlike conventional approaches, SeqCup-Free uses obser-
vation differences instead of estimated coordinates, which removes the need for
geodetic network datum definition and maintains the statistical power of hypoth-
esis tests. Additionally, we introduce a modified version, SeqCup-Mod, which
extends the method to non-nested hypothesis tests and achieves high success
rates. A critical aspect of our approach is the definition of the maximum number
of points considered unstable, which avoids statistical overlap while allowing the
system to detect the maximum possible displacements. Results from simulations
and real geodetic network data show that SeqCup-Free provides consistent and,
in some cases, superior performance compared to classical and recent methods
in deformation monitoring.

Keywords: Quality Control, Reliability, Non-nested model, Hypothesis Testing

1 Introduction
One of today’s major challenges in geodetic data analysis is to detect geometric
changes in objects or regions that are subject to displacements and/or deformations,
such as man-made structures like dams, dikes, bridges, wind turbines, or high tow-
ers, as well as natural Earth structures like volcanoes, mining areas, caves, or tectonic
plates.

The analysis of monitoring measurement can be categorized into four deforma-
tion models: congruence model, kinematic model, static model, and dynamic model.
The congruence model describes the deformations using displacement vectors with-
out specifying the time and any factor related to the acting forces, and internal and
external loads as well. The kinematic models describe the geometric changes in terms
of temporal variations (velocities and accelerations), considering that the state of the
object is permanently in motion, but also there are no concerns with the causes of the
deformations. If there is interest in investigating the functional relationship between
causative forces and geometrical reactions of the object, then the static model will be
more suitable. In the latter, the deformations are described from the physical prop-
erties of the object (e.g., expansion coefficients, temperature, and lengths), so that
the temporal aspects are not explicit in the model. Finally, the dynamic model com-
bines static and kinematic models, i.e., deformations are linked to their influencing
factors (causative forces, internal and external loads) and the object’s physical prop-
erties (Welsch and Heunecke 2001). Due to its common usage, we restrict ourselves to
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the congruence model which only tells us whether a part of an object (or the whole
object) is deformed or not.

In congruence analysis, the investigated structure is typically monitored using a
geodetic network, which is measured at least twice over time. These epochal measure-
ments are then analyzed statistically. The geodetic network works as a displacement
monitoring system. The statistical test is one of the most widely used approaches to
the specification of deformation congruence models (Pelzer 1971; Mierlo 1978, 1979;
Niemeier 1981; Caspary 2000; Heunecke et al. 2013; Nowel 2020). The robust approach
is another one also widely used and has had important advances in recent years
(Chen 1983; Duchnowski 2010, 2013; Nowel and Kamiński 2014; Zienkiewicz 2015;
Zienkiewicz and Baryla 2015; Wiśniewski and Zienkiewicz 2016; Batilović et al. 2022);
but it is not part of the scope of this work.

Typically, the input data is a vector composed of the differences between the
coordinates of points estimated by least squares at an initial epoch (say, Epoch 1) and a
current epoch (say, Epoch 2). The null hypothesis, denoted by H0, is formulated under
the condition that all points are stable (points that have a congruent/rigid geometrical
structure at both considered epochs). On the other hand, the alternative hypotheses
are stipulated from the assumption that there is at least one unstable point. Since we
do not know which point or group of points is unstable, a consecutive hypothesis test is
often applied to identify one unstable point after the other (Lehmann and Lösler 2017).
Such a test procedure is similar to the outlier screening by iterative data-snooping
(Baarda 1968). However, the iterative consecutive hypothesis tests are non-rigorous
because the alternative hypotheses are restricted to only one single unstable point.
The point flagged as most suspected to be unstable in a given step is not inspected
in the next iteration step. In addition, the result of a misidentification in a given
iteration conditions the result of the next iteration Nowel (2020). The weakness of the
iterative consecutive hypothesis tests for the case where multiple displacements are in
play has been reported by some authors Hekimoglu et al. (2010, 2014); Durdag et al.
(2018); Nowel (2020).

To overcome the problem of iterative procedures, a non-iterative combinatorial
procedure emerges for the case where all possible combinations of displaced points are
considered. Such a procedure consists of comparing all potential candidates for stable
points at the same stage. Consequently, it is not necessary to consecutively point-by-
point specify the congruence model. This method has been applied in some numerical
examples and discussed in detail by Velsink (2015) and Velsink (2018).

Another interesting combinatorial method is discussed by Lehmann and Lösler
(2017). They use various information criteria and select the model with the lowest
information criterion value as the best among all candidate models. In this process,
penalty terms are applied to address the issue of comparing models with different
dimensions. The more points are modeled as unstable (higher dimension of the con-
gruence model, i.e., a more complex model), the greater the chances of overfitting, as
a model typically fits observations better with a larger number of parameters. There-
fore, penalty terms are introduced to manage model complexity. As highlighted by
Nowel (2020), the goodness of model fit combined with a penalty term constitutes an
identification criterion. However, he cautions that there are many criteria, and it is
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yet unclear which of these should be adopted. Furthermore, the computational load
can also be a concern with the existing combinatorial methods.

Nowel (2020) used the possibilities of combinatorics and generalized likelihood
ratio tests performed in iterative steps to overcome the weaknesses associated with
both the iterative point-by-point model specification and the combinatorial-only
method. The integration between the iterative and combinatorial procedures, to the
best of the author’s knowledge, was previously addressed in the work of (Klein et al.
2017), but in the context of identifying multiple simultaneous outliers. Although there
has been substantial progress in this emerging field of combinatorics, there are still
challenges that open up new research perspectives (Baselga 2011; Duchnowski 2010,
2013; Zienkiewicz and Baryla 2015; Zienkiewicz 2015; Wiśniewski and Zienkiewicz
2016; Biagi and Caldera 2013; Wujanz et al. 2018).

In this contribution, we present a method that integrates both combinatorial
analysis and likelihood ratio tests in a sequential procedure, namely Sequential and
Combinatorial Geometry-Free Identification of Unstable Points for Deformation Mon-
itoring – SeqCup-Free. Here, we also applied a modified version of SeqCup (denoted
by SeqCupMod), which is based on the principle of non-nested hypothesis testing,
which dispenses with the verification of whether the null hypothesis is or is not a
subset of the alternative hypothesis.

The SeqCup-Free method utilizes differences in observations from two epochs
instead of estimated coordinates. The concept of using unadjusted (original) observa-
tion differences has been around for some time, as highlighted by Nowel and Kamiński
(2014). Here, however, the vector of epoch-wise observation differences will represent
the vector of ‘errors’. The first epoch of observations constitutes the initial state of the
network and is therefore used as a reference in the displacement analysis. If there is
no displacement of points after the first epoch of observations, the difference between
the measurements of subsequent epochs and the first is expected to contain only the
random fluctuations inherent to the measurement process. However, if there is a dis-
placement of points after the first epoch of observations, biases should be introduced
into the error vector to account for the changes in the position of points that occurred
after the first epoch.

When adopting the differences of observations, we do not need to be concerned
about the problem of defining the datum of the epochs and applications of the S-
transformation (Baarda 1973; Aydin 2017; Nowel 2019; Erdogan et al. 2021). On the
other hand, we must guarantee that the campaigns are always carried out with the
same occupation of the points to be able to compare measurements between epochs
– epoch-wise measurements.

The effect of the network geometry is also eliminated in our approach, such as in
Hekimoglu et al. (2014). As a result, we do not need to be concerned about whether
it is a linear model of a geodetic network (e.g., leveling or GNSS baseline networks)
or non-linear (e.g., trilateration). As a benefit, we avoid the linearization which may
reduce the detection power Lehmann and Lösler (2018).

Erdogan et al. (2021) presented a methodology for identifying unstable points
based on analyzing the differences between measurements taken in two epochs, which
they called the univariate approach. This approach has the benefit of reducing the
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smearing and masking effect of displacements. Smearing means that one unstable point
makes another stable point appear as unstable and masking means that one unstable
point prevents another one from being identified. Unlike what we propose, the authors
consider a model under the null hypothesis with one parameter being the mean of
such differences, which, in a certain way, reduces the statistical power in detecting
displacements. Furthermore, they do not control for false positive rates (Type I Error
rate), also known as Probability of False Alarm (PFA), a term commonly used in
literature dedicated to geodetic quality control (Teunissen 2018). This decision error
refers to detecting displacement when there is none. This is because they generally
consider that the test involves only a single alternative hypothesis, when in fact there
are multiple tests, i.e., it involves multiple alternative hypotheses. Consequently, an
approach that allows controlling the false alarms is needed. Here, we use a Monte Carlo
method so that the user-defined probability of false alarms is efficiently controlled.

In addition, it is not yet clear how to choose the maximum number of points to
be modeled as unstable (displaced), and this choice remains somewhat arbitrary. It
is crucial to establish a stopping criterion based on the maximum number of points
a network can identify as unstable, rather than relying solely on the non-rejection of
the null hypothesis. Here, to avoid subjectivity, the maximum number of points to be
inspected as displaced (unstable) is determined by computing the complement of the
hat matrix, commonly known as the redundancy matrix (Prószyński and Kwaśniak
2018). This procedure avoids the problem of having non-separable models in identify-
ing unstable points. Although identification can be done, it is important to let know
that our sequential test is restricted to the redundancy of the network at hand.

This paper is organized as follows. Section 2 provides a detailed description of
the SeqCup-Free method and its underlying principles. In the subsequent section,
the mathematical framework behind the sequential and combinatorial approach of
SeqCup-Free is developed, and we explain how the method eliminates the need for
specifying a geodetic network datum. Additionally, we demonstrate how to construct
the overall displacement-design matrix C with examples, particularly in the context of
trilateration and leveling networks. We also introduce the redundancy-based approach
for determining the maximum number of points to be inspected. In Section 4, we eval-
uate the performance of SeqCup-Free through simulations on trilateration networks,
comparing its success rates with both classical and recent methods. In Section 5,
we validate SeqCup-Free and its modified version (SeqCupMod) by comparing them
against classical and contemporary methods based on specialized literature. Finally,
Section 6 concludes with a summary of the main contributions and limitations of
SeqCup-Free.

2 SeqCup-Free method and principles
For simplicity in the analysis, we consider only measurements that have passed quality
control in each epoch (e.g., through an iterative data snooping procedure) and are
thus free of outliers. Without loss of generality, the following discussion is restricted
to two epochs.
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Before we start our presentation of the proposed method, let’s first keep in mind
that in conventional deformation analysis (CDA), two epoch-wise estimated coor-
dinates of identical geodetic network points—typically derived from least squares
estimation (LSE)—are compared to identify unstable points. In this context, the vec-
tors of estimated coordinates and their covariance matrices at both epochs must be
referenced to a common datum, which can be achieved through the theory of the
connection of two epoch adjustment results (Teunissen 1985).

Here, alternatively, we use the differences from two epoch-wise geodetic obser-
vations of identical quantities to determine whether a specific set of points across
two epochs is stable/congruent or not. Thus, the SeqCup-Free procedure proceeds as
follows.

2.1 Null and Alternative Hypotheses
To begin the presentation of the method, let us consider the example of two campaigns
(two distinct epochs) of measurements performed on a geodetic network. We can stack
the measurements into a vector of observations for each epoch, and with the support
of the theory of errors, we can write the following equations:

y(1) = yv + ev
(1) (1)

y(2) = yv + ev
(2) (2)

with y(.) ∈ Rn×1 the vectors of the observations, yv ∈ Rn×1 the true, but unknown,
vector of the observables, and ev

(.) ∈ Rn×1 the unknown vectors of measurement
errors (note: the indices ‘1’ and ‘2’ inside the curly braces represent the quantities
related to the first and second epoch in time, respectively).

By subtracting the Epoch 2 (Eq. 2) from the Epoch 1 (Eq. 1), the vector of errors
of the two-epoch geodetic observations differences is straightforwardly obtained from
the measurement process, as follows:

∆y = ∆ev = ev
(2) − ev

(1) (3)

with ∆y ∈ Rn×1 the vector of the two-epoch geodetic observations differences and
∆ev ∈ Rn×1 the vector of errors from the two-epoch geodetic observations differences.
It is important to highlight that the differences in the geodetic measurements are
computed from the identical quantities (e.g., height differences, distances, directions,
and/or GNSS baseline components) of each epoch in time. Note that the error vector
in Eq.(3) arises directly from the experimental measurement process.

In displacement detection, the model under the null hypothesis, denoted by H0,
is typically set up for the case where all points to be analyzed are treated as stable
points. If H0 is true, only random errors are present in the error vector ∆e, and
therefore, one would conclude that the network’s geometry remained stable between
the two observation periods. In that case, ∆e in Eq.3 can be characterized as a
normally distributed random vector with zero expectation, as follows:

∆e
H0∼ N (0,Σ∆e) (4)
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Thus, the null hypothesis H0 can be formulated as:

H0 : E {∆e} = 0, D {∆e} = Σ∆e = Σ(1)
y +Σ(2)

y (5)

with E {.} the expectation operator, D {.} the dispersion operator, Σ∆e the given
positive-definite variance matrix of Σ∆e. The variance matrix Σ∆e was obtained
by applying the law for the propagation of uncertainty to Eq.3, which results from
summing the given variances matrices from Epoch 1

(
Σ(1)

y

)
, and Epoch 2,

(
Σ(2)

y

)
.

Note that ∆e results from a parameter-free estimation under H0. From this point on,
we denote it as ∆e0 to indicate, when necessary, that it was obtained under H0.

If there were displacements of points after the first epoch of observations, the
subsequent observations would no longer reflect the initial configuration of the geodetic
network but rather a new configuration due to the point displacements. Consequently,
H0 would no longer be valid.

The displacements introduce biases in the error vector, meaning that the error
vector ∆e, which ideally would contain only probabilistic fluctuations inherent to the
measurement process (such as in H0), is also systematically affected by the shifted
points.

As the goal of the monitoring is to infer whether the network points are stable
or not, we can test the null hypothesis H0 against possible alternative hypotheses.
Here, the alternative hypotheses extend H0 by including an unknown displacement
parameter vector ∇qj ∈ Rqj×1, which describes the disturbance in the measurements
as a function of the displacement of a subset of qj points, where j represents the
dimension of the group of points to be inspected. The size of the group q can vary
between q1 ≤ qj ≤ qmax. The definition of the maximum number of points (qmax) will
be discussed in the next section.

Therefore, in general, the number of alternative hypotheses can be established
according to the number of possible groups of points to be investigated, denoted by
K

qj
np . The generalized form of the alternative hypotheses can then be written as:

Hqj
gi : E {∆e}qjgi = Cqj

gi∇
qj
gi , D {∆e}qjgi = Σ∆e, i = 1, . . . ,Kqj

np
, (6)

where
Kqj

np
=

(
np

qj

)
=

np!

(np − qj)! qj !
. (7)

In this context, C ∈ Rn×qj is the matrix that captures the relationship between the
potentially displaced points and the resulting changes in the measurements associated
with these points (referred to as the displacement-design matrix); np represents the
total number of points in the network; given that the dimension of the group is defined
as qj , there will be i = 1, . . . ,K

qj
np groups, and the index i corresponds to each specific

group gi.
The elements of the displacement-design matrix C consist exclusively of the values

0, +1, or -1. A value of +1 indicates that an i -th group gi of qj shifted points with
magnitudes ∇qj

gi causes a positive distortion in the measurements connected to them,
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-1 indicates a negative distortion, and 0 means that the points remained stable, with
no distortion in the measurements between epochs.

A simple example of having only one single point as suspect to be displaced (i.e.,
q1) is illustrated in the trilateration network in Fig.1. By considering that g1 = [A],
g2 = [B], g3 = [C], g4 = [D], g5 = [E], g6 = [F ], and by assuming that only point F
moved to a new position, F’, then the group to be analyzed would be gi = [F ], i = 6.
In that case, one would assume that only the observations connected to point F in
the second epoch would undergo deformations (dashed red lines)—either stretching
(+1) or compressing (-1)—relative to their initial states (Epoch 1). In contrast, the
others would remain stable (0) (dashed blue lines). In this illustration (Fig.1), the
shifted point F to its new position F’ would cause the AF’ segment gets smaller than
its initial state AF. Consequently, the displacement of the F point of magnitude ∇q1

g6
would act with a negative sign (-1). The same would occur for BF; i.e., ∇q1

g6 would
act with a negative sign (-1), which would cause BF’ (Epoch 2) to be smaller than
BF (Epoch 1); while the CF sign would be positive (+1) because the CF’ (Epoch 2)
segment becomes larger than CF (Epoch 1). The displacement-design matrix for that
example would be described as a vector such that Cq1

g6 =
(
0 0 −1 0 0 −1 0 0 1

)⊤.
One of the key questions is how to define the number and locations of points to

be monitored. Surveyors and geodesists must collaborate with other professionals to
properly formulate an alternative model (Velsink 2018). Even with this information,
uncertainties may persist about whether points initially considered stable might be
shifting. From a practical standpoint, it is often unclear which points are stable or
unstable. A more suitable approach is to apply a sequential test to determine the
number and location of shifted points when the null model is rejected (Klein et al. 2017;
Nowel 2020). In general, the core idea behind the proposed procedure is to identify
the final congruence model by progressively increasing the number of deformation
parameters.

2.2 Testing Procedure
The procedure begins by testing the null hypothesis H0 against a more conservative
alternative hypothesis, which assumes that at least one point is moving among all
points in the geodetic network. In this case, the alternative hypotheses are formulated
according to Eq.(6) by setting qj = q1, such that

Hq1
gi : E {∆e}q1gi = Cq1

gi∇
q1
gi , D {∆e}q1gi = Σ∆e, i = 1, . . . ,Kq1

np
(8)

in which gi = [pi] with pi ∈ Ω, where gi represents the i -th group composed of only
one single point pi and Ω ∈ Nnp is the set of all np points in the network. For example,
g1 = [1] denotes the first group with the point labeled ‘1’, g2 = [2] denotes the second
group with the point labeled ‘2’, and so on. In this case, the number of alternative
hypotheses is Kq1

np
=

(
np

1

)
= np. Note that the displacement-design matrix has been

simplified to a vector Cq1
gi ∈ Rn×1 and the displacement parameter vector to a scalar

∇q1
gi ∈ R1×1

This involves testing H0 against np alternative hypotheses. According to Eq.(4),
the error vector under H0 is assumed to follow a multivariate normal distribution,
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Fig. 1 Example of a horizontal trilateration network deformed due to the displacement (step) of
point F to a new position F’.

while the error vectors under the alternative hypotheses
(
Hq1

gi

)
are given by:

∆e
Hq1

gi∼ N
(
Cq1

gi∇
q1
gi ,Σ∆e

)
, for i = 1, . . . , np (9)

The reader can observe that under H0, the errors have means equal to zero, i.e.,
E {∆e} = 0, while under the alternative hypotheses Hq1

A , they have means of
E {∆e}q1gi = Cq1

gi∇
q1
gi , for i = 1, . . . , np.

After postulating the null and alternative hypotheses, the test statistics derived
from the concept of the generalized likelihood ratio test (GLRT) are then computed
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as (e.g., Teunissen (2006)):

T q1
gi = (∆e0)

⊤
W (∆e0)︸ ︷︷ ︸
H0

−
(
∆êq1gi

)⊤
W

(
∆êq1gi

)︸ ︷︷ ︸
HA

, i = 1, . . . , np (10)

in which the estimated error vectors under their corresponding alternative hypotheses
∆êq1gi ∈ Rn×1, i = 1, . . . , np are given by:

∆êq1gi = ∆e−Cq1
gi ∇̂

q1
gi , for i = 1, . . . , np (11)

with
∇̂q1

gi =
[(
Cq1

gi

)⊤
W

(
Cq1

gi

)]−1 (
Cq1

gi

)⊤
W ∆e, i = 1, . . . , np (12)

The known matrix of weights is defined as W = Σ−1
∆e (Teunissen 2006; Klein et al.

2017). Details of the derivation of the GLRT in Eq. (10) can be found in Appendix A.
Now, we are interested in determining which of the alternative hypotheses may

lead to the rejection of the null hypothesis with a certain probability. In this case, the
test statistic of interest is the maximum test value, which is computed as

T q1
max = max

i∈1,...,np

T q1
gi (13)

The decision rule for this case is given by:

Accept H0 if T q1
max ≤ cα, reject otherwise in favour of Hq1

gi . (14)

The decision rule in (14) states that if none of the np tests are rejected, the null
hypothesis H0 is accepted. If T q1

max exceeds a specific percentile of its probability distri-
bution (i.e., a critical value), there is evidence that at least one point in the structure
may be displaced. It is important to highlight that the maximum test statistic in
Eq. (13) is treated directly as a test statistic. Thus, the critical value cα is computed
using the Monte Carlo method to control a user-defined Probability of False Alarm
(PFA), denoted by α (Lehmann 2012). In the Appendix B, we provide details on how
to compute the critical value cα for the suggested procedure.

The rejection of H0 in (5) leads to the identification of the point most suspected
to be displaced, i.e., the point that produced the maximum (extreme) test statistic
T q1
max that is larger than a critical value cα. Therefore, point identification occurs only

when detection is confirmed (i.e., H0 is rejected).
The model under the identified alternative hypothesis for q1 then becomes the

new null hypothesis: H0 := Hq1
gi . In this case, the index j equals 1, which means that

the new null hypothesis is given by the identified group gi, whose dimension is one,
qj = q1. For example, by assuming that a p-th point from the i-th group had been
identified, gi = [p], the new null hypothesis would be written as H0 := Hq1

gp .
The iterativeness of the procedure becomes evident as the model under the cur-

rent null hypothesis, defined in the previous step for qj , is now tested by assuming
that a larger group of displaced points of dimension qj+1 may exist. The alternative
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hypotheses are then formulated for all possible group combinations of qj+1 distinct
points within the network, such that:

Hqj+1
gk

: E {∆e}qj+1

gk
= Cqj+1

gk
∇qj+1

gk
, D {∆ê}qj+1

gk
= Σ∆e, k = 1, . . . ,Kqj+1

np
, (15)

Here, gk = [p1, p2, . . . , pqj+1 ] represents the k -th group consisting of qj+1 different
points, p1, p2, . . . , pqj+1 , from the set of all np points in the network Ω, with k =
1, . . . ,K

qj+1
np . For example, for the previous case to be qj = q1, the new alternative

hypotheses would be formulated for qj+1 = q2.
The best model under the alternative hypotheses is then selected by computing

the test statistics from Eq. (10) for qj+1 and identifying the corresponding candidate
group by finding the maximum value of the test statistic from Eq. (13) for qj+1, i.e.,
T

qj+1
max .

Hereafter, model selection involves applying a nested hypothesis test, where the
null hypothesis is a subset of the alternative hypothesis. This means that the model
under the null hypothesis must be contained within the model under the alternative
hypothesis. In other words, the identified point group from the previous step, qj , which
became the current model under the null hypothesis, should be contained within the
model of the current alternative hypothesis, which was formulated for an identified
group of qj+1 points. This relationship implies that any parameter restrictions imposed
by the null hypothesis are relaxed in the alternative hypothesis, which allows us to
express it as:

H0 : E {∆e} = Cqj
gi∇

qj
gi against HA : E {∆e} = Cqj+1

gk
∇qj+1

gk
⇐⇒ gi ⊆ gk (16)

with gi being the identified point group of smaller dimension for qj and gk the identified
point group of larger dimension for qj+1, so that gi is contained within gk.

If the condition described in Eq.(16) occurs, then the GLRT can be applied simi-
larly to Eq.(10), but now for H0 : Hqj

gi against HA : Hqj+1
gk , provided that gi ⊆ gk, as

follows:

ΛGLRT =
(
∆êqjgi

)⊤
W

(
∆êqjgi

)︸ ︷︷ ︸
H0

−
(
∆êqj+1

gk

)⊤
W

(
∆êqj+1

gk

)︸ ︷︷ ︸
HA

⇐⇒ gi ⊆ gk (17)

The estimated error vectors
(
∆êqjgi

)
and

(
∆êqj+1

gk

)
can be obtained by applying

equations (11) and (12), according to the model dimension for qj in H0 and qj+1 in
HA. Thus, the selection of the best model is based on the following decision:

Accept H0 if ΛGLRT ≤ cα; reject otherwise in favor of HA. (18)

If the null hypothesis is not rejected, the procedure ends, and only the point group
identified in the previous step is flagged as unstable (e.g., a group gi of dimension qj
in H0, as given by Eq. (16)). Otherwise, the procedure is repeated with the displace-
ment model that considers the group of qj+1 points under the alternative hypothesis
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as the new null hypothesis (e.g., H0 := Hqj+1
gk ). This new null hypothesis is then

tested against alternative hypotheses formulated for displacement models of dimen-
sion qj+2. The best model under the alternative hypothesis is selected based on the
maximum value of the test statistic (T

qj+2
max ), computed from Eq. (10) for all combi-

nations of qj+2 distinct points in the entire network. Next, it is checked whether the
point group flagged in the previous step, i.e., under the current null hypothesis (e.g.,
gk of dimension qj+1), is among those flagged in the current alternative hypothesis
(e.g., gl of dimension qj+2). If this is the case, the GLRT is applied using Eq. (17) to
decide between the null model defined by the group identified with dimension qj+1

and the alternative model with dimension qj+2. This sequential procedure is repeated
until one of the following conditions is met:

1. The current null hypothesis is not rejected.
2. More than one group of geodetic network points is identified by the extreme statistic

Tmax for a given qj , which means the hypotheses are not separable (statistical
overlap), and the identification cannot be accomplished.

3. The group of points identified in the previous step by T
qj
max is not fully contained

within the group identified by the current T
qj+1
max . If the null model is not a subset

of the alternative model, the procedure ends by selecting the model under the null
hypothesis defined by the group of points identified by T

qj
max.

4. The iteration reaches the threshold qmax (i.e., the maximum number of points to
be evaluated is fully inspected).

In the next section, we will see that the maximum number of points to inspect
depends on observation redundancy. Defining this limit also avoids equal maximum
test statistics, preventing statistical overlap in identifying displaced points.

In general, therefore, the sequential testing procedure proposed here is based on
the likelihood ratio, which we now call Sequential and Combinatorial Geometry-Free
Unstable Point identification (SeqCup-Free). It consists of determining whether the
additional subset of displaced points, considered in every new alternative hypothesis,
is statistically significant or not, in terms of its impact on the quadratic form of the
estimated observation errors, similar to its form for outlier detection (Klein et al.
2017). Consequently, we can identify the number and the location of the displaced
geodetic network points. Fig.(2) provides step-by-step instructions on how to run the
SeqCup-Free procedure.

2.3 Structure of C -Design Matrix
An overall displacement-design matrix C in expression 6 can be designed so that
each column represents the displacement of a given point. The construction of the
displacement-design matrix C depends on the type of network used.

Example for trilateration network : For instance, in a trilateration network that
involves distance measurements, which are always positive, the design matrix is formed
based on the sign of the difference between the distance measurements from two
epochs. For this, we first provide an auxiliary matrix A ∈ Rn×np which describes the
general case of the relationship between the measures (matrix rows) and the network
points (matrix columns), but without taking into account the sign of the unknown

12
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Measurements from two-epochs: 𝒚 𝟏 , 𝒚 𝟐 ∈ ℝ𝑛×1

Variance Matrices from two-epochs: 𝚺𝒚
𝟏

, 𝚺𝒚
𝟐  ∈ ℝ𝑛×𝑛

Significance level: 𝛼 ∈ ℝ+

𝑛 : number of observations; 𝑛𝑝 : number of points

Compute the critical value c𝛼  
Monte Carlo approach for 𝛼

Compute the error vector: 

𝚫𝒆 = 𝒚 𝟐 − 𝒚 𝟏 ∈ ℝ𝑛×1

𝚺𝚫𝒆 = 𝚺𝐲
𝟏

+ 𝚺𝐲
𝟐

∈ ℝ𝑛×𝑛

with Weight Matrix:

𝐖 = 𝚺𝚫𝒆
−𝟏

In
p

u
t

Compute the maximum number of points allowed to be inspected: 𝑞𝑚𝑎𝑥

Compute the test statistics from all possible group combinations of current 𝒒𝒋 points

𝑻𝒈𝒊

𝒒𝒋
= 𝜟𝒆𝟎

⊤𝑾 𝜟𝒆𝟎 − 𝜟ො𝒆𝒈𝒊

𝒒𝒋
⊤

𝑾 𝜟ො𝒆𝒈𝒊

𝒒𝒋
,   𝒊 = 𝟏, … , 𝑲𝒏𝒑

𝒒𝒋

Compute the maximum test statistic value: 𝑻𝒎𝒂𝒙

𝒒𝒋

Compute the test statistics for the case of having one point displaced at a time 

𝑞𝑗 ≔ 𝑗 = 1 𝑞𝑗 = 𝑞1  

𝑻𝒈𝒊

𝒒𝟏 = 𝜟𝒆𝟎
⊤𝑾 𝜟𝒆𝟎 − 𝜟ො𝒆𝒈𝒊

𝒒𝟏 ⊤
𝑾 𝜟ො𝒆𝒈𝒊

𝒒𝟏 ,   𝒊 = 𝟏, … , 𝑲𝒏𝒑

𝒒𝟏 = 𝒏𝒑

Compute the maximum test statistic value for 𝒒𝟏 : 𝑻𝒎𝒂𝒙
𝒒𝟏 = 𝐦𝐚𝐱

𝒊∈𝟏,…,𝒏𝒑

𝑻𝒈𝒊

𝒒𝟏

𝑻𝒎𝒂𝒙
𝒒𝟏 > 𝒄𝜶

yesNo displacement detected 
at the significance level 𝜶

Testing Ends 

no

Is the point group 

based on 𝑻max
𝒒 𝒋−𝟏

contained 
within the group 

based on 𝑻max
𝒒𝒋

Adopt the point group

flagged in 𝑻max
𝒒 𝒋−𝟏

 as the 

null hypothesis 𝓗𝟎

&

The point group flagged in 

𝑻max
𝒒𝒋 as the alternative 

hypothesis 𝓗𝑨

no

Testing ends

The point group from 𝑇𝑚𝑎𝑥

𝑞(𝑗−1)
 

is flagged as displaced

yes

𝜦GLRT > 𝒄𝜶 𝒒𝒋 ≔ 𝒋 = 𝒋 + 𝟏

𝒒𝒋 ≤ 𝒒𝒎𝒂𝒙

Testing ends

The point group based on 𝑻𝒎𝒂𝒙

𝒒𝒋 is 
flagged as displaced

SeqCup-Free Testing Procedure

Design the Displacement Matrix: 𝑪 ∈ ℝ𝑛×𝑛𝑝

Update the null hypothesis for the 𝑖-th 

identified point based on 𝑻𝒎𝒂𝒙
𝒒𝟏

𝓗𝟎 ≔ 𝓗𝒈𝒊

𝒒𝟏

Compute the corresponding  least-squares observation errors and apply the GLRT:

ΛGLRT = 𝚫ො𝒆𝒈𝒊

𝒒 𝒋−𝟏
⊤

𝑾 𝚫ො𝒆𝒈𝒊

𝒒 𝒋−𝟏

ℋ0

− 𝚫ො𝒆𝒈𝒌

𝒒𝒋
⊤

𝑾 𝚫ො𝒆𝒈𝒌

𝒒𝒋

ℋ𝒜

⟺ 𝑔𝑖 ⊆ 𝑔𝑘

𝑞𝑗 ≔ 𝑗 = 𝑗 + 1

Testing ends

The point group based on 𝑻𝒎𝒂𝒙

𝒒(𝒋−𝟏) 
is flagged as displaced

yes

no yes

no

Fig. 2 Flowchart of the SeqCup-Free method.
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estimable vector ∇. For instance, the auxiliary matrix A for the trilateration network
in Fig.(1) is given by:

A =



A︷︸︸︷
1

B︷︸︸︷
0

C︷︸︸︷
0

D︷︸︸︷
1

E︷︸︸︷
0

F︷︸︸︷
0

1 0 0 0 1 0
1 0 0 0 0 1
0 1 0 1 0 0
0 0 1 0 0 0
0 1 0 0 1 0
0 0 1 1 0 0
0 0 0 0 1 1
0 0 0 1 0 1


(19)

Then, the signs of the coefficients of the displacement-design matrix C can be
obtained generically from the application of a signum function as:

sgn
[
∆e(d)

]
:=


+1, if ∆e(d)

|∆e(d)|
> 0,

−1, if ∆e(d)
|∆e(d)|

< 0, for d = 1, . . . , n,

0, if ∆e(d) = 0.

(20)

where sgn [.] is the sign function and
∣∣∆e(d)

∣∣ gives a non-negativity value (absolute
value) for each two-epoch geodetic observation differences. The result of Eq.(20) can
be stacked into a signum vector as s ∈ Rn×1.Thus, the displacement-design matrix
for the general case becomes:

C = diag (s)A (21)
where diag (.) is the diagonalization operator which converts a vector to a diagonal
matrix.

Taking the example of the trilateration network in Fig. (1), and by considering
that the error vector is given by
∆e = (−0.0019, 0.0013, 0.0027, 0.0027,−0.0029, 0.0071,−0.0054, 0.0010,−0.0103)

⊤,
the signum vector would be given as s = (−1, 1, 1, 1, −1, 1, −1, 1, −1)

⊤. Thus, the
displacement-design matrix C can be obtained from the Eq. (21) as follows:

C =



A︷︸︸︷
−1

B︷︸︸︷
0

C︷︸︸︷
0

D︷︸︸︷
−1

E︷︸︸︷
0

F︷︸︸︷
0

1 0 0 0 1 0
1 0 0 0 0 1
0 1 0 1 0 0
0 −1 0 0 −1 0
0 1 0 0 0 1
0 0 −1 −1 0 0
0 0 1 0 1 0
0 0 −1 0 0 −1


(22)

Example for levelling network : The construction of the C-matrix involves consid-
erations about the nature of the type of observation of the geodetic network. In the
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previous example, we demonstrate how to construct the C-matrix for the case of tri-
lateration networks (i.e., for the case in which we have distance measurements). In
that case, distance is a quantity that naturally always manifests itself with a positive
sign, independent of the direction of the line of sight. To properly model the displace-
ment – i.e., whether the distance at epoch 2 has increased or decreased with respect to
the reference epoch – a signal function is required for this type of network. However,
this does not occur in the case where we have a levelling geodetic network. The signs
of the height differences capture the sign of the displacement. As a simple example,
consider a height difference measured from point i to point j in Epoch 1 (∆h

(1)
ij ). The

observation equation for this measurement, based on Eq. 1, is:

∆h
(1)
ij = [hj − hi]

(1)
v + e

(1)
∆hij

(23)

where e
(1)
∆hij

represents the random measurement error, and the subscript v indicates
the true values of heights hi and hj .

One could imagine that a positive shift in the height of the point i, which was
supposed, for example, to occur after the first epoch (say, Epoch 2) would be modeled
as an extra (scalar) parameter (∇hi

) as:

∆h
(2)
ij = [hj − (hi +∇hi

)]
(2)
v + e

(2)
∆hij

(24)

Consequently, the height difference observations between the two epochs would result
in:

∆h
(2)
ij −∆h

(1)
ij = e

(2)
∆hij

− e
(1)
∆hij

−∇hi (25)
In this example, the elevation of point i decreases the height difference between the
points, and therefore, the element in the C-matrix corresponding to the displacement
of point i would be -1. Conversely, in the case of subsidence of point i, the height
difference would increase (+∇hi). Therefore, the sign of the displacement ∇ comes
directly from the relationship of the height difference.

An example of a leveling network of four points A, B, C, D is displayed in Fig.(3).
In general, the full C-matrix for that network would be given as:

C =



A︷︸︸︷
−1

B︷︸︸︷
1

C︷︸︸︷
0

D︷︸︸︷
0

−1 0 1 0
1 0 0 −1
0 −1 0 1
0 −1 1 0
0 0 −1 1


(26)

Important to highlight that the C-matrix for the levelling networks follows the format
of design matrix that is usually constructed for the case of estimating the unknown
heights of the network.
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Fig. 3 Example of a Levelling Geodetic Network for Geodetic Monitoring Purposes.

2.4 Setting the maximum number of points to be inspected
Here, we demonstrate how to obtain the maximum dimension of the set of points
qmax to be inspected by the SeqCup-Free procedure. The process of defining qmax

involves identifying a model with sufficient redundancy to allow for the identification
of unstable points.

If the maximum dimension qmax is defined as equal to the number of points in
the network np, there will be a single maximum group gmax of np to be investigated.
However, in this case, the matrix C will have a rank deficiency of one. This means
that such a matrix cannot be considered invertible – it is then said to be singular.
Consequently, it is not possible to compute the test statistics using Eq. 10. This
demonstrates that the maximum dimension of the set of points must be at least
qmax < np.

By reducing the maximum number of points by one unit, i.e.,
qmax = rank(Cqmax

gmax
) = np − 1, we now have a combination of Knp−1

np = np groups of
np − 1 points. All these groups will have full column rank. Otherwise, qmax should be
reduced by one unit again to ensure regular models.

Next, the redundancy matrix, denoted by R ∈ Rn×n, is computed for each of the
np groups with a dimension of qmax = np − 1. In its generic form, the redundancy
matrix R is expressed as follows (see e.g., Teunissen (2006)):

Rqmax
gi = I −Cqmax

gi

(
Cqmax

gi
⊤WCqmax

gi

)−1

Cqmax
gi

⊤W , i = 1, . . . , np, qmax = np − 1

(27)
where I ∈ Rn×n is the identity matrix.

It can be verified that the estimated error, whether given by Eq. (11) or in its
generalized form in Eq. (17), has a direct relationship with the redundancy matrix
and can be written as (Lehmann 2012; Rofatto et al. 2020b):

∆êqmax
gi = Rqmax

gi ∆e, i = 1, . . . ,Kqmax
np

(28)
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If the redundancy matrices for each group are equal, i.e., Rqmax
g1 = Rqmax

g2 = . . . =
Rqmax

gnp
, then the test statistics derived from the GLRT, such as Eq. (10), will also

be identical. This means that the models are not identifiable, and the value of the
maximum test statistic will not return a single group, but all of them, resulting in a
statistical overlap. In other words, it will not be possible to identify the alternative
hypothesis, as the hypotheses will not be separable. In this case, qmax must be reduced
again to ensure identifiability, so that the test statistics for each group are distinct
from one another (qmax = np − 2).

Next, the current redundancy matrices are computed for each group with a dimen-
sion defined by qmax = np−2. The number of groups will now be Knp−2

np . Generally, for
qmax = np−2, the redundancy matrices will differ, and consequently, the test statistics
will also be different. Even so, it is still necessary to verify whether the redundancy of
each observation is sufficient to identify unstable points. To do this, the redundancy
numbers, as a measure of the local internal reliability of the observations, must be
analyzed.

The redundancy numbers (also known as local redundancy) are the diagonal ele-
ments of the matrix R, denoted by rll, where l = 1, . . . , n. As noted in Eq.(28), the
larger the rl, the greater the absorption of ∆ê in the vector of estimated errors ∆êqjgi ,
and therefore, the higher the power to detect unstable points. Prószyński and Kwaś-
niak (2018) recommends that redundancy numbers be greater than 0.5. Therefore,
when calculating the redundancy matrix for each group of points, the smallest value of
rll for each group must also be obtained (min rll)

qmax

gi
, and it must be verified whether

min (min rll)
qmax

gi
> 0.5. If so, then qmax is defined (in our example, qmax = np−2). Oth-

erwise, qmax must be reduced by one unit again (e.g., qmax = np − 3), and the process
repeated until the criterion min (min rll)

qmax

gi
> 0.5 is satisfied. If qmax = 0, we would

have a situation where it is not possible to identify displacements, as the network
lacks sufficient redundancy for this purpose. This situation may occur if the geode-
tic network is very poorly designed, making it impossible to identify displacements.
This analysis can be extended to the problem of outlier identification. In general, the
structure of the pseudo-code for determining qmax is given below:

1. Set qmax = np − 1
2. Compute the redundancy matrix Rqmax

gi for each group.
3. Check if the redundancy matrices Rqmax

g1 = Rqmax
g2 = . . . = Rqmax

gnp
are equal.

• If they are equal, reduce qmax by 1 and return to item (2).
• Otherwise, go to item (4).

4. Check min (min rll)
qmax

gi
for each group.

• If min (min rll)
qmax

gi
> 0.5, terminate the process and return qmax as the final

value.
• Otherwise, reduce qmax by 1 and return to item (2).
• If qmax = 0, terminate the process (insufficient redundancy).

Let’s consider the example of the C-matrix defined in (22) for the trilatera-
tion geodetic network displayed in Fig.(1). The observations are assumed to be
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Fig. 4 Minimum redundancy numbers for q1.

uncorrelated and with the same known variance of σ2 = 4 mm2. In that case,
the variance matrix for Epoch 2 is taken to be the same as in Epoch 1, so that
Σ∆e = Σ(1)

y +Σ(2)
y = 2Σ(1)

y and W = Σ−1
∆e.

Note that for qmax = 6, the full displacement-design matrix C is specified by
taking the total number of points in the network, np, as shown in (22). It is easy
to see that rank(Cqmax

gi ) = 5, which reveals a rank deficiency. The reader will notice
that when setting qmax = np − 1 = q5, the redundancy matrices Rq5

g1 = Rq5
g2 = Rq5

g3 =
Rq5

g4 = Rq5
g5 are all equal. Thus, qmax = q5 is reduced by one unit, i.e., qmax = np−2 =

q4. However, since for qmax = q4, min (min rll)
q4
gi

≤ 0.5, the maximum number of
points to be simultaneously inspected is further reduced to qmax = np − 3 = q3. By
repeating the process, we find that the qmax for this network would be qmax = q1, with
min (min rll)

q1
gi

= 0.63 > 0.5 (Figure 4).
A more flexible criterion for selecting qmax can also be proposed. Let us analyze

the case where qmax = q3 and qmax = q2 for the same network before. Figure 5 shows
the behavior of the minimum rll values when setting qmax = q3 and after reducing it
to qmax = q2. It can be observed that for qmax = q3, most groups do not meet the
criterion rll > 0.5 (yellow bars), whereas for qmax = q2, only five groups failed to meet
the criterion, which the lowest redundancy numbers min(rll) close to 0.5 (yellow bars).

Although our criterion is to evaluate the minimum of the lowest redundancy num-
bers, a less strict criterion could be, for instance, the average of the lowest redundancy
numbers, as follows:

avg(min rll)
qmax

gi
=

∑Kqmax
np

i=1 (min rll)
qmax

gi

Kqmax
np

> 0.5 (29)
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𝑞max = 𝑞2 𝑞max = 𝑞3

Fig. 5 Minimum redundancy numbers for q2 and q3.

Based on the average criterion mentioned above, for qmax = q2, we obtain
avg(min rll)

q2
gi

= 0.56 > 0.5, whereas for q3, the result would be avg(min rll)
q3
gi

=
0.48 < 0.5. Therefore, qmax = q2 could be considered; however, it can be observed
that some groups for q2 do not meet the criterion of rjj < 0.5, which complicates the
identification of these groups. For this reason, we recommend using the more stringent
criterion to select qmax based on the minimum of the lowest rjj values.

3 Results from computational simulation-based
approach and real dataset: a trilateration geodetic
network

For a first performance testing of the SeqCup-Free procedure, we use a simulated
trilateration network measured in two epochs (Fig. 6), which is the same network
presented in the previous sections (Fig. 1).

The network points are assumed to be stable at Epoch 1 (Table 1), so that the
measurements connected to them are undisturbed (Table 2). Thus, the true quantities
in Table (2) are stacked into a vector, such as in Eq.(1) yv.

To have simulated observations for Epoch 1 y(1) – see Equation (1) –, the mea-
surement errors are synthetically generated by assuming the presence of only random
errors, whose is modeled by a multivariate normal distribution and added up to the
true distances, as follows:

y(1) = y(1)
v + ev

(1), with ev
(1) ∼ N

(
0,Σ(1)

y

)
(30)

The observations are assumed to be uncorrelated and with the same known stan-
dard deviation of σ = 2 mm, which is a value compatible with real cases. Then the
main diagonal elements of the variance matrix for the Epoch 1 are the variances
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A B

C

D
E

F

Fig. 6 Simulated Trilateration Network.

Table 1 Coordinates of the
network points for Epoch 1

Point X [m] Y [m]
A 1000.000 -1000.000
B 1107.830 -1000.000
C 999.949 -808.661
D 1054.730 -882.298
E 1009.240 -870.129
F 960.330 -893.626

with values equal to σ2 = 4 mm2, and its off-diagonal elements are zeros. Here,
we use the Mersenne Twister algorithm to generate a sequence of random numbers
and Box–Muller to transform it into a normal distribution Box and Muller (1958);
Matsumoto and Nishimura (1998). For instance, Matlab’s mvnrnd command can be
applied to generate the random errors.

For Epoch 2, on the other hand, measurement distortions are simulated from the
intentional displacement of the network points. The point displacements are simulated
in terms of magnitude, denoted by ∇, and orientation, denoted by θ, so that they
can be propagated to the distance. To illustrate this step, consider that the segment
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Table 2 True distances of the segments
for Epoch 1

Segment True Distance [m]

y
(1)
v1 ≡ d

(1)
vAD 129.8025

y
(1)
v2 ≡ d

(1)
vAE 130.1994

y
(1)
v3 ≡ d

(1)
vAF 113.5303

y
(1)
v4 ≡ d

(1)
vBD 129.1275

y
(1)
v5 ≡ d

(1)
vBE 163.0530

y
(1)
v6 ≡ d

(1)
vBF 181.8570

y
(1)
v7 ≡ d

(1)
vCD 91.7765

y
(1)
v8 ≡ d

(1)
vCE 62.1665

y
(1)
v9 ≡ d

(1)
vCF 93.7482

formed by any two points i and j has suffered distortion when point i is displaced
to its new position i′ (Fig.7). In this case, the true disturbed distance in Epoch 2 is
simulated as:

d(2)vij
=

√
(Xj − [Xi +∇Xi])

2
+ (Yj − [Yi +∇Y i])

2
, i ̸= j (31)

with
∇Xi = ∇i sin θi, ∇Yi = ∇i cos θi (32)

The true disturbed distances in Epoch 2
(
y
(2)
v

)
can then be simulated as:

yv
(2) = yv

(1) +Cqj
gi∇

qj
gi , i = 1, . . . ,Kqj

np
(33)

Displacements can vary in terms of their magnitude (∇) and orientation (θ), as well
as the dimension qj of the point group gi. For the trilateration network in Fig. (6),
for example, if we wanted to simulate the displacement of two points (i.e., q2), then
we would have a total of Kq2

6 = 15 groups of 2 points each. For each group, the
magnitudes and directions of the displacements could also be simulated according to
Eq. (31).

Next, the observations at the Epoch 2 are generated in the same way as it was done
for Epoch 1, but now with the true disturbed distances

(
y
(2)
v

)
, such as in Eq.(31), as

follows:
y(2) = y(2)

v + ev
(2), with ev

(2) ∼ N
(
0,Σ(2)

y

)
(34)

The variance matrix for the Epoch 2 is taken to be the same as in Epoch 1, i.e.,
Σ(1)

y = Σ(2)
y . Here, the value of σ is not relevant to this investigation.
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∇
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∇
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𝑋
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𝑗
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𝑌 𝑗
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distance from Epoch 1

𝑑𝑣𝑖𝑗
(2)

distance from Epoch 2

Fig. 7 Geometric aspect of simulating the displacement of a point and its effect on distance distor-
tion.

Finally, the error vector ∆ê is computed according to Eq. (3). This process is
repeated M times, meaning that M random events (known as Monte Carlo exper-
iments) are generated for each desired scenario to evaluate the success and failure
rates of the SeqCup-Free. For this numerical example, we set up M = 200, 000 Monte
Carlo experiments as suggested by Rofatto et al. (2020a).

The success and failure rates (also interpreted as probability levels) associated with
SeqCup-Free (denoted by P[·]) were computed as the ratio between the occurrence
of a particular event – correct detection, correct identification, wrong identification,
overidentifications – and the number of possible cases (i.e., the total number of Monte
Carlo experiments M = 200, 000), as given by Rofatto et al. (2020b):

PCI =
nCI

M
(35)

PCD =
nCD

M
(36)

PWI =
nWI

M
(37)

POI+ =
nOI+

M
(38)

POI− =
nOI−

M
(39)

where:

• nCD – number of correct detections: this is the number of experiments in which
the SeqCup-Free procedure correctly detects displacements. Inversely, we have the
missed detection rate for the case where SeqCup-Free does not detect displacements,
as follows:

PMD =
nMD

M
= 1− PCD (40)
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• nWI – number of wrong identifications: this is the number of experiments in which
SeqCup-Free flags the point group as being unstable, while the true unstable point
group with the same dimension qj remains unidentified.

• nOI+ – represents the number of events in which more points are identified as
unstable than those actually displaced, and the truly displaced points are correctly
included among the flagged points, along with additional points.

• nOI− – represents the number of events in which more points are identified as
unstable than those actually displaced, but none of the truly displaced points are
included among the flagged points, meaning all identified points are incorrect.

• nCI – number of correct identifications: this is the number of experiments in which
SeqCup-Free correctly identifies the displaced points. In this case, we have the
following relationship for the success rate of correct identification of the displaced
point:

∃(PCI) ∈ [0, 1] ⇔ (PCD) > 0, thus (41)
PCI = PCD − (PWI + POI+ + POI−) (42)

3.1 Success and Failure Rates of SeqCup-Free: numerical
example for q1

As seen previously, when applying the criterion min (min rll)
qmax

gi
> 0.5, we found

qmax = q1. Therefore, for this criterion, it does not make sense to simulate more
than one individual displacement simultaneously. Thus, this experiment is devoted to
the case where only one displacement is considered. In that case, we had six groups
individually simulated, namely {gi | i = 1, 2, 3, . . . , 6}, with each group consisting of
only one point, i.e.: g1 = [A], g2 = [B], g3 = [C], g4 = [D], g5 = [E], g6 = [F ]. The
magnitude of the displacement for each group {∇q1

gi | i = 1, 2, 3, 4, 5, 6} was defined
within the interval of [1, 10]σ with increments of 1σ, where σ is the standard deviation
of the observation, taken as σ = 2 mm (as mentioned before). The displacements
were simulated to act in different orientations. The displacement orientation θ was
simulated for the range of [0◦, 355◦] with 5◦ increments. As a result, we had ten
magnitudes of displacement for each of the 72 orientations, totaling 720 simulated
displacements for each point (Fig.8).

200,000 Monte Carlo experiments were generated for each of those 720 cases,
totaling 144 million experiments for each point. It is important to remember that
the simulated displacements of the points were converted to the observation space as
in Eq. (31), which resulted in the corresponding disturbances in the measurements.
Then, the Epoch 2 observations were generated from Eq. (33), considering those true
disturbance distance observations. Finally, the probability levels associated with the
SeqCup-Free method were computed as detailed before.

The critical values were obtained for cases having the following PFA: α =
0.001 (cα = 16.7628); α = 0.01 (cα = 12.3378); α = 0.05 (cα = 9.1971) and α =
0.1 (cα = 7.7882). These critical values were computed using two million Monte Carlo
experiments such that a user-defined PFA α for SeqCup-Free was warranted (see
Appendix B).
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Fig. 8 Simulated displacements for each point at time (case q1)
.

Figure 9 shows the result of the correct identification. The black circles represent
the radial range of displacement magnitudes of 4 mm, 1 cm, and 2 cm. It is impor-
tant to note that the uncertainty of the differences between the two-epoch geodetic
observations is σ∆ê ≈ 2.83 mm. Therefore, these magnitudes of 4 mm, 1 cm, and 2
cm correspond to approximately 1.4σ∆ê, 3.5σ∆ê, and 7.1σ∆ê, respectively.

Clearly, it is observed that the probability of correct identification depends on the
geometry of the connections. Note that the highest success rates occur along the lines
of sight. On the other hand, it is more difficult to identify in directions perpendicular
to the lines of sight, mainly for magnitudes close to the uncertainty of the measurement
method (∇ ≤ 4mm). The increase in the significance level, and consequently a larger
null hypothesis rejection region (smaller critical values), favors the identification of
low-magnitude displacements. On the other hand, higher significance levels slightly
reduce the probability of correctly identifying displacements of larger magnitudes.

Figure (10) shows the result of the correct detection. Detection follows the same
behaviour as identification in terms of the influence of the geometry of the point con-
nections. There are no significant differences in terms of detection and identification
for the case in which a low significance level is adopted (α = 0.001). The lower the
critical value (higher significance level) the higher the detection rate.

In a trilateration network, the success rate of correct identification, as well as
detection, is directly related to the spatial distribution of points and their connections
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(a) (b)

(c) (d)

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

Fig. 9 Probability of correct identification (PCI): (a) PCI for α = 0.1%; (b) PCI for α = 1%; (c)
PCI for α = 5%; and (d) PCI for α = 10%.
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(a) (b)

(c) (d)

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

Fig. 10 Probability of correct detection (PCD): (a) PCD for α = 0.1%; (b) PCD for α = 1%; (c)
PCD for α = 5%; and (d) PCD for α = 10%.
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(Fig. 11). For example, the line-of-sight distances from points D, E, and F to point A
can be considered as the radii of circles where D, E, and F are the centers, and A lies on
the circumference. Figure (11)(a) highlights the locations where these circles intersect
at point A. The dark red region represents the area where all three circles overlap,
meaning that if point A moves within this region, detection and identification become
impossible. The red areas indicate intersections of two circles, making detection more
difficult for small displacements, as shown in the figure. The green region is an example
where no three-circle intersection occurs, facilitating detection and identification. This
behavior can also be observed for the other points in the network, where similar
geometric constraints influence the detection and identification of displacements (see
Figures 9 and 10). Therefore, the success rates are influenced not only by the proposed
method but also by the spatial configuration of the network.

Figure (12) shows the results for wrong identification (also referred to as Type III
decision error). This type of error becomes more significant as the level α increases. In
the worst case, we have PWI

∼= 0.4 (40%) for the scenario where point E is displaced
and α = 0.01. In general, wrong identification occurs at large magnitudes in the region
outside the lines of sight.

The overidentification class POI+ is presented in Figure (13). In general, this
probability level becomes more evident with increasing α. The overidentification POI−
was much rarer, with its highest value of POI− ∼= 0.022 (2.2%) for α = 0.1, and
thus is not shown here. On the other hand, positive overidentification POI+ seems to
occur more frequently than POI−, especially close to the lines of sight and for large
magnitudes.

In general, increasing α improved identification in the case of small (4mm) and
medium (1cm) magnitudes of displacement. The impact of the α choice on the correct
identification rate is not as critical for large magnitudes. Detection always improves as
the critical region expands (i.e., as the critical value decreases), at the cost of having to
increase false positive rates α. In the next section, we present the testing performance
of the SeqCup-Free for the case of having 2 points displaced simultaneously.

3.2 Success and Failure Rates of SeqCup-Free: numerical
example for q2

As shown previously, by applying the criterion avg (min rll)
qmax

gi
> 0.5, we found

qmax = q2. Thus, with this less restrictive criterion compared to the previous one, we
are able to simulate two individual displacements simultaneously. For this, we simu-
lated all possible cases for q2 one at a time, which resulted in 15 groups of 2 points
individually simulated for the network in Fig.(6), denoted by {gi | i = 1, 2, 3, . . . , 15}.
It is important to emphasize that the group of points was not randomized. Instead,
the simulation for each group was performed individually in a more comprehensive
manner, with each group undergoing 200,000 Monte Carlo experiments and the same
false alarm level of α = 0.1 (cα = 7.7882). The displacements were generated with
a fixed magnitude of 5σ = 1 cm for five distinct orientation patterns for each two-
point group, denoted by [θp1 , θp2 ] as [0◦, 0◦], [0◦, 180◦], [135◦, 135◦], [135◦, 315◦], and
[315◦, 315◦]. The success and failure rates for these patterns are presented in Tables
3, 4, 5, and 6, respectively. PUI+ and PUI− both correspond to the identification rate
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Fig. 11 Regions of intersection of trilateration circles for each network point (A to F). The dark red
region corresponds to the area where all three circles intersect, which makes the displacement detection
unfeasible. The red regions indicate intersections of two circles, where detection becomes more difficult
for small displacements. The green regions represent areas without triple-circle intersections, which
improves displacement detection and identification.

where fewer points are identified than the actual number of displaced points. The dif-
ference between them is that in PUI+, the identified set includes some of the truly
displaced points, while in PUI−, none of the identified points correspond to the true
displaced ones.

In terms of detection and identification success rates, the SeqCup-Free method
depends on the interaction between the displacement pattern and the geometry of
the geodetic network. One geometry may be more suitable for a given displacement
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(a) (b)

(c) (d)

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

Fig. 12 Probability of wrong identification (PWI): (a) PWI for α = 0.1%; (b) PWI for α = 1%; (c)
PWI for α = 5%; and (d) PWI for α = 10%.
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(a) (b)

(c) (d)

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1 𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛: 𝑞1

Fig. 13 Probability of wrong identification (POI+): (a) POI+ for α = 0.1%; (b) POI+ for α = 1%;
(c) POI+ for α = 5%; and (d) POI+ for α = 10%.
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Table 3 Success and Failure Rates for θp1
= 0◦ and θp2

= 0◦

Group p1 p2 PCI PCD PMD PWI PUI+ PUI−

1 1 2 81.35 99.98 0.02 4.38 9.16 5.09
2 1 3 89.03 100.00 0.00 3.13 1.72 6.12
3 1 4 5.17 98.76 1.24 39.24 51.09 3.26
4 1 5 4.28 98.73 1.27 40.80 50.29 3.36
5 1 6 1.74 97.32 2.68 33.84 55.70 6.04
6 2 3 79.75 99.96 0.04 4.81 9.22 6.18
7 2 4 1.22 93.49 6.51 23.09 60.56 8.62
8 2 5 2.94 98.58 1.42 35.47 56.43 3.74
9 2 6 5.71 98.22 1.78 35.31 53.63 3.57
10 3 4 4.53 99.24 0.76 44.53 46.91 3.27
11 3 5 1.71 97.45 2.55 37.92 51.94 5.88
12 3 6 1.83 97.49 2.51 36.33 52.65 6.68
13 4 5 88.40 100.00 0.00 2.93 3.16 5.51
14 4 6 81.93 99.96 0.04 4.83 5.68 7.52
15 5 6 81.20 100.00 0.00 5.79 4.97 8.04

pattern that one wishes to monitor. For example, the patterns [θp1 = 0◦; θp2 = 0◦] and
[θp1 = 315◦; θp2 = 315◦] in Tables 3 and 6, respectively, exhibited a higher number
of point groups with low identification rates, whereas the patterns [θp1 = 0◦; θp2 =
180◦] and [θp1 = 135◦; θp2 = 315◦] in Tables 4 and 5, respectively, had more point
groups correctly identified. This is because the displacements occur close to the lines
of sight (regions where identification is easier), as demonstrated in the previous section
for the case of q1. Additionally, displacement patterns with pairs of points moving
in different directions seem to be easier to identify, and no statistical overlap was
observed. It is also noted that the relationship between the network geometry and the
displacement pattern can either increase or decrease the rates of wrong identification
and underidentification.

It is important to highlight that detection is always greater than or at least equal
to identification. In this sense, we also observe that the detection rate was very high
(≈ 98% on average), which allows us to infer that failures to detect the displacement
patterns simulated here are very rare.

3.3 Success and Failure Rates of SeqCup-Free for Simulated
Displacement Based on Real Dataset

In this experiment, the geodetic network described in Fig.(6) was materialized in the
field. The distances were measured using a total station with a linear uncertainty
of 2mm + 2ppm (according to the manufacturer’s specifications). Tribrachs were
used for both the total station and the reflector prisms. These data are available
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Table 4 Success and Failure Rates for θp1
= 0◦ and θp2

= 180◦

Group p1 p2 PCI PCD PMD PWI PUI+ PUI−

1 1 2 80.79 99.96 0.04 4.41 9.37 5.39
2 1 3 88.93 100.00 0.00 2.89 2.02 6.16
3 1 4 89.79 100.00 0.00 4.21 6.00 0.00
4 1 5 94.46 100.00 0.00 2.43 3.11 0.00
5 1 6 85.78 100.00 0.00 4.56 9.66 0.00
6 2 3 78.83 99.96 0.04 5.62 9.37 6.14
7 2 4 79.86 100.00 0.00 4.22 15.92 0.00
8 2 5 71.24 100.00 0.00 10.11 18.65 0.00
9 2 6 57.96 99.99 0.01 16.32 25.68 0.03
10 3 4 85.92 100.00 0.00 6.41 7.67 0.00
11 3 5 94.59 100.00 0.00 2.16 3.25 0.00
12 3 6 86.10 100.00 0.00 5.38 8.52 0.00
13 4 5 88.54 99.99 0.01 2.99 3.24 5.22
14 4 6 82.82 99.96 0.04 4.09 5.64 7.41
15 5 6 80.74 99.96 0.04 5.72 5.23 8.27

Table 5 Success and Failure Rates for θp1
= 135◦ and θp2

= 315◦

Group p1 p2 PCI PCD PMD PWI PUI+ PUI−

1 1 2 66.35 99.86 0.14 9.18 18.57 5.75
2 1 3 58.86 99.19 0.81 6.39 22.36 11.58
3 1 4 21.31 99.67 0.33 29.96 47.47 0.93
4 1 5 45.72 99.96 0.04 16.97 37.24 0.03
5 1 6 68.83 99.99 0.01 5.01 26.15 0.00
6 2 3 76.81 99.96 0.04 7.01 7.94 8.20
7 2 4 80.10 100.00 0.00 7.88 12.02 0.00
8 2 5 88.38 100.00 0.00 3.58 8.04 0.00
9 2 6 78.68 100.00 0.00 7.07 14.25 0.00
10 3 4 85.32 100.00 0.00 3.81 10.87 0.00
11 3 5 71.05 100.00 0.00 11.28 17.67 0.00
12 3 6 26.60 99.83 0.17 33.32 39.39 0.52
13 4 5 64.11 99.92 0.08 12.84 10.02 12.95
14 4 6 65.63 99.69 0.31 8.89 11.81 13.36
15 5 6 67.87 99.81 0.19 10.30 10.68 10.96
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Table 6 Success and Failure Rates for θp1
= 315◦ and θp2

= 315◦

Group p1 p2 PCI PCD PMD PWI PUI+ PUI−

1 1 2 66.55 99.93 0.07 8.52 18.70 6.16
2 1 3 59.51 99.14 0.86 6.50 21.93 11.20
3 1 4 3.05 98.28 1.72 36.61 54.33 4.29
4 1 5 1.06 94.59 5.41 31.54 53.46 8.53
5 1 6 0.17 74.21 25.79 12.24 39.44 22.36
6 2 3 76.52 99.98 0.02 7.39 8.03 8.04
7 2 4 1.29 96.72 3.28 37.10 51.80 6.53
8 2 5 3.14 97.00 3.00 31.94 57.19 4.73
9 2 6 1.51 96.32 3.68 33.53 54.37 6.91
10 3 4 0.13 82.07 17.93 19.48 39.28 23.18
11 3 5 0.52 92.85 7.15 31.67 45.55 15.11
12 3 6 4.24 98.86 1.14 41.88 49.18 3.56
13 4 5 64.56 99.82 0.18 13.29 9.55 12.42
14 4 6 65.49 99.73 0.27 9.52 11.70 13.02
15 5 6 67.37 99.86 0.14 9.82 11.22 11.45

from the authors upon request, either to reproduce the experiments or to test other
procedures. Epoch 1 was recorded as the baseline with no displacements, while in
Epoch 2, various displacement patterns were tested. The displacements at the points
were applied radially and intentionally. Points A, B, and C were kept fixed, meaning
they were not subjected to displacement, whereas points D, E, and F were considered
the points to be monitored. Displacements were performed in the field by moving the
reflector 1 cm from its initial position (Epoch 1) to the new positions (Epoch 2), as
shown in Figure (14). Four cases involved shifting only one point at a time, as displayed
in Fig.(14 a,b,c,d); three scenarios involved 2 or 3 simultaneous displacements, with the
patterns shown in Fig.(13 e,f,g) and Fig.(14 h,i,j), respectively, totaling 23 experiments
(12 for q1, 8 for q2, and 3 for q3). As previously noted, the network would have a
maximum capacity of qmax = q2 according to the more flexible criterion (Equation
29), but here we also extended the evaluation to qmax = q3.

Based on the simulated results, we adopted a significance level of α = 0.1, which
resulted in a critical value of cα = 7.7882. The results are very promising, as can be
seen in Table (7). We had a success rate in the identification of ≈ 82.61%, and the
correct detection rate was 100% for all scenarios.

Finally, SeqCup-Free was applied in a scenario where no displacements occurred
to verify the efficiency of PFA control for α = 0.1. New measurements were performed
and recorded as Epoch 2, but without applying any intentional displacement to the
points. As a result, no displacements were detected in the field experiments, indicating
that SeqCup-Free could guarantee the user-defined PFA under real conditions of use.
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Fig. 14 Displacement patterns applied in the field: (a) displacement of each individual point in
the θ1 direction, denoted by Dθ1 , Eθ1 , Fθ1 ; (b) displacement of each individual point in the θ2
direction, denoted by Dθ2 , Eθ2 , Fθ2 ; (c) displacement of each individual point in the θ3 direction,
denoted by Dθ3 , Eθ3 , Fθ3 ; (d) displacement of each individual point in the θ4 direction, denoted by
Dθ4 , Eθ4 , Fθ4 ; (e, f, g) simultaneous displacement of two-point groups, with the first point shifted in
the θ1 direction and the second in the θ2 direction; (h, i, j) simultaneous displacement of three-point
groups, with the first point shifted in the θ1 direction, the second in the θ2 direction, and the third
in the θ3 direction.

4 External Validation from Classical and Recent
Methods

4.1 Numerical Example 1: GCT, V, AICc and CIDIA
Here, we compare the suggested SeqCup-Free method with the classical iterative GCT
(Global Congruence Test), the combinatorial method V — Velsinki method (Velsink
2015), Akaike’s Information Criterion with correction (AICc) suggested by Lehmann
and Lösler (2017), and the more recent Combinatorial Iterative Detection, Identifi-
cation, and Adaptation (CIDIA) by Nowel (2020). The GCT belongs to the class
of iterative methods, V and AICc are combinatorial methods, while CIDIA encom-
passes both combinatorial and iterative approaches. Nowel (2020) provided a detailed
description of each method, and thus they will not be presented again here. For further

34

SciELO Preprints - This document is a preprint and its current status is available at: https://doi.org/10.1590/SciELOPreprints.11415



Table 7 Frequency of occurrence for each SeqCup-Free decision
class for the real dataset case.

Displacement patterns nCD nCI nWI nUI+

(a) 3 3 0 0
(b) 3 3 0 0
(c) 3 3 0 0
(d) 3 3 0 0
(e) 2 1 0 1
(f) 3 1 0 2
(g) 3 3 0 0
(h) 1 0 1 0
(i) 1 1 0 0
(j) 1 1 0 0

Total 23 19 1 3
Rate (%) 100 82.61 4.35 13.04

reference, the reader can consult Section 2.1 for GCT, Section 2.2 for the V method
and AICc, and Section 3 for CIDIA in the work of Nowel (2020).

For comparative purposes, we used the same network from Lehmann and Lösler
(2017), adapted by Nowel (2020), to meet redundancy criteria (Fig. 15). The exper-
iments were conducted with the same configuration to allow for a direct comparison
of results. The concept of Mean Success Rate (MSR), as proposed by Hekimoglu and
Koch (1999), was also applied here, with the same simulation setup as in Nowel’s
experiments, to measure the efficacy of correct model specification. Specifically, errors
were randomized from a Normal distribution across two epochs with a known standard
deviation σ = 1mm, while point displacements were randomized from the uniform
interval ∇i ∈ [2 − 25]mm, all with the same sign. The vectors of 2 × 29 height
difference errors were simulated independently 1000 times using MATLAB software,
as per Nowel (2020). Additionally, 50 trials (repetitions) of these 1000 Monte Carlo
experiments were conducted to account for the uncertainty of the simulation process
(±σMC%), such as in Rofatto et al. (2020a). This process enables comparison with
the results found in the cited literature.

For each simulation, four scenarios were considered in terms of the number of
displaced points, namely: one (q1), two (q2), four (q4), and six (q6) points randomly
selected to be displaced. According to the criterion min (min rll)

qmax

gi
> 0.5, we found

that for this network, qmax = 10, indicating that this network has excellent redundancy
for monitoring purposes. The PFA for SeqCup-Free was set to α = 0.001, α = 0.01,
α = 0.05, and α = 0.1, with their corresponding critical values cα = 15.4055, cα =
11.1467, cα = 8.1480, and cα = 6.8213, obtained from the Monte Carlo Approach in
Appendix (B) for 2,000,000 Monte Carlo experiments. The results are displayed in
Table (8).
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Table 8 Efficacy (MSR with ±σMC%) of the SeqCup-Free for different
PFA and number of displaced points

PFA cα q1 q2 q4 q6

0.001 15.4055 96.6 ± 0.6 93.1 ± 0.8 83.5 ± 1.2 61.3 ± 1.6
0.01 11.1467 97.1 ± 0.5 94.8 ± 0.7 87.9 ± 1.0 67.3 ± 1.3
0.05 8.1480 94.1 ± 0.8 93.3 ± 0.7 88.6 ± 1.0 70.1 ± 1.4
0.1 6.8213 89.7 ± 1.0 89.8 ± 1.0 86.5 ± 1.1 70.5 ± 1.1
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Fig. 15 Configuration of the leveling control network based on Lehmann and Lösler (2017) and
adapted by Nowel (2020)

As can be seen, lower values of α are more suitable when fewer displacements are
expected (q1 and q2), while higher values of α are preferable for scenarios with more
displacements (q4 and q6). However, the value of α = 0.01 appears to be a balanced
choice for different scenarios, offering high efficacy for both small and large num-
bers of displacements for this experiment. The use of Monte Carlo simulations is an
excellent strategy for determining the optimal PFA before conducting field observa-
tions. This process allows for a careful evaluation of the method’s efficacy for different
configurations, which enables the selection of an α that maximizes reliability.

The results from Nowel (2020) were replicated in Table 9, and the result of the
SeqCup-Free method with the same α = 0.1, as adopted by Nowel, was added for
comparison purposes (denoted as SeqCup only), which ensures compatibility in the
comparisons. In this experiment, we also evaluated a modified version of SeqCup-Free
(denoted by SeqCupMod), which dispenses with the step of assessing whether the
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null hypothesis is a subset of the alternative hypothesis. This approach follows the
framework of non-nested hypothesis testing, unlike the original method, which uses
nested hypothesis testing.

In the case of non-nested models, we applied the concept of the Akaike Information
Criterion (AIC) with a penalty for the number of parameters, as follows (Lehmann
and Lösler 2017):

AICc = AIC +
2u(u+ 1)

n− u− 1
(43)

with
AIC = 2u− 2 logL(θ̂;∆y) (44)

where L denotes the likelihood function of the model, which is maximized by the
maximum likelihood (ML) estimate θ̂ of the u-vector of parameters θ with respect to
the observations ∆y.

In our case, the GLRT in Eq. (17) is replaced by the AIC for the null and alternative
hypotheses, respectively, as follows:

AICc(H0) = 2qj +
2qj(qj + 1)

n− qj − 1
+
(
∆êqjgi

)⊤
W

(
∆êqjgi

)︸ ︷︷ ︸
H0

(45)

AICc(HA) = 2qj+1 +
2qj+1(qj+1 + 1)

n− qj+1 − 1
+
(
∆êqj+1

gk

)⊤
W

(
∆êqj+1

gk

)︸ ︷︷ ︸
HA

(46)

The criterion is as follows: Among the null and alternative models under consider-
ation, the one with the lowest AICc should be selected. This ensures a high likelihood
while limiting the number of parameters, which prevents overfitting.

The comparison of SeqCup and SeqCupMod with other methods is described as
follows:

GCT: Taking into account the simulation standard deviation for q1, q2, and q4,
SeqCup is largely consistent with GCT.

- For q1, SeqCup (89.7% ±1.0) is considered identical to GCT (89.8%), since the
difference falls within the simulation uncertainty, indicating full compatibility between
the two methods. SeqCupMod achieves a slightly higher score (89.9% ±1.0), which
remains consistent with GCT.

- For q2, SeqCup (89.8% ±1.0) remains highly compatible with GCT (87.8%), with
the standard deviation showing that both methods perform similarly. SeqCupMod
(89.6% ±1.0) also maintains similar compatibility. - For q4, SeqCup (86.5% ±1.1)
aligns closely with GCT (86.2%), and SeqCupMod performs even better (88.8% ±1.1),
showing improved results compared to both SeqCup and GCT.

Hence, SeqCup and SeqCupMod are compatible with GCT for q1, q2, and q4. How-
ever, for q6, SeqCup shows a lower performance compared to GCT (70.5% ±1.1 versus
74.1%), while SeqCupMod improves significantly, reaching 87.4% ±1.1, surpassing
both GCT and SeqCup.

CIDIA: SeqCup is relatively close to CIDIA for q1, q2, and q4. However, for q6,
CIDIA outperforms SeqCup significantly (88.5% versus 70.5%). SeqCupMod, on the
other hand, closes the gap, performing closely to CIDIA with 87.4%.
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Table 9 Efficacy (MSR) of correct model specification for different methods of model specification based on Nowel (2020)
[%].

Number of displaced points GCT V AICc CIDIA SeqCup(α=0.1) SeqCupMod(α=0.1)

1/12 (q1) 89.8 92.9 54.2 90.6 89.7 ±1.0 89.9 ±1.0

2/12 (q2) 87.8 69.4 59.2 89.4 89.8 ±1.0 89.6 ±1.0

4/12 (q4) 86.2 23.0 69.8 88.4 86.5 ±1.1 88.8 ±1.1

6/12 (q6) 74.1 9.5 80.5 88.5 70.5 ±1.1 87.4 ±1.1

V (Velsinki method): SeqCup consistently outperforms the V method. For q1,
SeqCup achieves 89.7% ±1.0 versus 92.9% for the V method, but as the number of
displaced points increases, the V method shows a significant drop in performance.
For q6, V’s efficacy drops to only 9.5%, while SeqCup maintains a much stronger
performance of 70.5% ±1.1, and SeqCupMod reaches 87.4% ±1.1, far outperforming
the V method.

AICc: For q1, q2, and q4, SeqCup consistently performs better than AICc. How-
ever, for q6, AICc (80.5%) outperforms SeqCup (70.5% ±1.1). SeqCupMod, with
87.4% ±1.1, performs better than both SeqCup and AICc in this case.

4.2 Numerical Example 2: GCT and Univariate Approach
Here, we also evaluated SeqCup-Free against the univariate model proposed by
Erdogan et al. (2021), which similarly relies on the analysis of differences between
observations in two epochs, rather than coordinate differences, and also considers the
principles of the model error approach. The authors compared their results with GCT,
which is classically referred to as CDA (Conventional Deformation Analysis). Thus,
we also evaluated the efficacy of SeqCup-Free using the results from both the Univari-
ate and CDA approaches described by these authors. The MSR metric was applied.
For this, we used the same network (Fig. 16) and the same simulation settings, as
detailed in the original work by Erdogan et al. (2021). The magnitudes of the displace-
ments were randomly selected from two intervals: [MDD, 2MDD] and [MDD, 3MDD],
where MDD refers to the Minimal Detectable Displacement, with a value of 2.2 mm
for this network. The first interval comprises 2.2 mm and 4.4 mm displacements, while
the second covers 2.2 mm to 6.6 mm. In this experiment, we also considered the case
where the false alarm rate PFA was not controlled, ensuring comparability with the
results of the authors mentioned above, who did not control for false alarms. Addi-
tionally, 50 trials with 10,000 Monte Carlo experiments were conducted to account
for the uncertainty of the simulation process (±σMC%), as in the previous evaluation.
This process enabled comparison with the results found in the cited literature.

If we applied the stricter criterion for selecting the maximum number of points,
given by min (min rll)

qmax

gi
> 0.5, the network would be diagnosed as having low redun-

dancy, with SeqCup-Free capacity limited to qmax = 1. However, by applying the softer
criterion avg(min rll)

qmax

gi
> 0.5, according to Eq.(29), we would obtain qmax = 4. We
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Fig. 16 Configuration of the leveling control network based on Erdogan et al. (2021)

employed the latter criterion to meet the simulation standards set by the authors
mentioned above, who tested scenarios for each MDD interval, with one randomized
displaced point (q1), two randomized displaced points (q2), and three randomized
displaced points (q3).

The PFA for SeqCup-Free was set to α = 0.001, α = 0.01, and α = 0.05, with
their corresponding critical values cα = 14.6809, cα = 10.3663, and cα = 7.3873,
obtained from the Monte Carlo approach in Appendix (B) for 2,000,000 Monte Carlo
experiments (denoted by SeqCup in Tables 10 and 11). As mentioned previously,
SeqCup-Free was also evaluated for the case where PFA is not controlled (denoted by
SeqCupFA in Tables 10 and 11). In the latter case, the critical values were computed
from χ2

df=1,α, where df = q1, representing the degrees of freedom under the condi-
tion that one displaced point exists. The corresponding critical values for α = 0.001,
α = 0.01, and α = 0.05 are given by cα = 10.8276, cα = 6.6349, and cα = 3.8415,
respectively.

The analysis of the results presented in Tables 10 and 11 reveals several important
insights, especially when considering the number of displaced points qj , the significance
levels α, and the overall performance of the different methods (SeqCup, SeqCupMod,
SeqCupFA, Univariate Approach, and CDA).

In general, first, the impact of the number of displaced points qj is clear throughout
all methods. As the number of displaced points increases, the efficacy (MSR) of the
correct model specification tends to decrease for all methods. This trend is particularly
pronounced for q3, where three points are displaced. Secondly, the significance levels
(α) greatly affect the efficacy of the methods.
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In the interval [MDD, 2MDD] (Table 10), for α = 0.001, both SeqCup and SeqCup-
Mod maintain relatively high efficacy for q1 (71.6% and 71.7%, respectively), while
the CDA and Univariate Approach methods show a sharp drop in efficacy (33.6% and
59.2%, respectively). This downward trend continues as qj increases, with SeqCupMod
demonstrating a slight advantage at q2 and q3.

Similarly, in the [MDD, 3MDD] interval (Table 11), the same pattern emerges. For
α = 0.001, SeqCup and SeqCupMod start with an efficacy of 85.5% for q1, but this
decreases to 50.2% and 55.2%, respectively, for q3. The CDA method, in particular,
shows an even greater reduction, achieving only 27.6% efficacy for q3.

At α = 0.05, SeqCup and SeqCupMod continue to outperform the other methods,
particularly for q1 and q2, achieving more than 90% efficacy. However, SeqCupFA,
which does not control for false alarms, performs similarly well for q3, with an efficacy
of 84.9% in the [MDD, 3MDD] interval, highlighting the potential trade-off between
false alarms and correct identification rates.

Third, when comparing the methods overall, SeqCup, SeqCupMod, and SeqCupFA

consistently outperform the CDA and Univariate Approach methods. This trend is
particularly noticeable as qj increases.

SeqCup vs. SeqCupMod: Both methods show similar efficacy for q1, but
SeqCupMod tends to be more reliable as the number of displaced points increases.
For q3 in the [MDD, 3MDD] interval, SeqCupMod achieves 55.2%, whereas SeqCup
reaches 50.2%.

SeqCupFA: Without false alarm control, this method shows higher efficacy for q3,
particularly at α = 0.05, where it reaches 84.9% in the [MDD, 3MDD] interval. This
reflects the increased freedom in recognizing displacements, although at the potential
cost of increased false positives.

CDA and Univariate Approach: These methods perform significantly worse,
especially as qj increases. The Univariate Approach relies on the estimation of
the mean difference of observations between two epochs. As a result, the univari-
ate approach experiences reduced redundancy, which reduces the success rate of
identification.

In general, the SeqCup, SeqCupMod, and SeqCupFA methods consistently show
superior efficacy across all significance levels and for different quantities of displaced
points. SeqCup, in particular, is more effective in identifying multiple displaced points,
making it a good option for networks with low redundancy and multiple displace-
ments. However, as demonstrated by the results of the previously analyzed network,
SeqCupMod proves to be the better option for networks with higher redundancy.

5 Contribution
The practical applicability of SeqCup-Free in simulated networks, such as trilat-
eration and leveling networks, demonstrates the method’s versatility. Its ability to
perform well in both real and theoretical network setups highlights its performance
across different geodetic monitoring configurations. Additionally, the combination
of a sequential and combinatorial approach provides a more comprehensive and
resilient solution compared to purely iterative or combinatorial methods. In addition,
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Table 10 Efficacy (MSR) of the correct model specification for different methods for the
interval [MDD, 2MDD] mm based on Erdogan et al. (2021) [%].

α qj SeqCup SeqCupMod SeqCupFA Univariate Approach CDA

0.001

0 99.9 99.9 99.2 ± 0.1 97.5 99.5
1 71.6 ± 0.5 71.7 ± 0.5 82.0 ± 0.4 59.2 33.6
2 45.8 ± 0.5 46.2 ± 0.5 63.0 ± 0.6 19.9 16.1
3 19.9 ± 0.4 23.9 ± 0.4 37.3 ± 0.5 3.1 9.3

0.01

0 99.0 99.0 92.5 82.6 97.7
1 83.1 ± 0.3 83.1 ± 0.3 86.5 ± 0.4 71.2 56.3
2 65.5 ± 0.5 66.3 ± 0.5 78.2 ± 0.5 54.8 37.6
3 40.0 ± 0.7 47.6 ± 0.7 60.2 ± 0.3 33.8 26.8

0.05

0 95.0 95.0 68.2 40.8 92.3
1 86.8 ± 0.3 86.9 ± 0.3 69.8 ± 0.3 44.0 71.1
2 76.5 ± 0.4 77.6 ± 0.4 70.2 ± 0.5 45.7 56.8
3 56.0 ± 0.5 66.8 ± 0.5 71.6 ± 0.5 45.1 46.5

Table 11 Efficacy (MSR) of the correct model specification for different methods for the
interval [MDD, 3MDD] mm based on Erdogan et al. (2021) [%].

α qj SeqCup SeqCupMod SeqCupFA Univariate Approach CDA

0.001
1 85.5 ± 0.3 85.5 ± 0.3 90.6 ± 0.3 76.5 58.6
2 70.4 ± 0.4 70.6 ± 0.4 80.6 ± 0.3 42.5 39.2
3 50.2 ± 0.7 55.2 ± 0.7 64.4 ± 0.3 11.7 27.6

0.01
1 90.8 ± 0.3 91.1 ± 0.3 89.9 ± 0.2 77.6 74.7
2 81.9 ± 0.3 82.1 ± 0.3 86.3 ± 0.4 69.2 60.6
3 65.7 ± 0.3 72.2 ± 0.3 78.7 ± 0.4 53.9 50.3

0.05
1 91.4 ± 0.3 91.3 ± 0.3 70.7 ± 0.4 45.4 81.1
2 86.6 ± 0.3 86.9 ± 0.3 72.8 ± 0.5 49.4 73.0
3 76.3 ± 0.4 83.2 ± 0.4 84.9 ± 0.3 52.5 65.9

the geometry-free approach, which utilizes differences in observations rather than
adjusted coordinates, eliminates the need to define the network’s datum. As a result,
the method also avoids the loss of statistical power that typically accompanies the
linearization of models.

The proposed methodology presents several noteworthy contributions. Firstly, the
definition of the maximum number of points to be inspected as displaced is based
on redundancy. Two metrics, derived from the criteria of minimum and mean of the
smallest redundancies of possible displaced point combinations, prevent the issue of
statistical overlap. It is worth mentioning that in all experiments, we observed no
statistical overlap when adopting an appropriate qmax. Although the choice between
the two metrics may still appear subjective, we recommend the more rigorous criterion
based on the minimum of the smallest redundancies. This approach ensures a higher
level of reliability when identifying potentially displaced points within the network.
This approach will be extended to outlier detection.
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The efficient control of the Probability of False Alarm (PFA) through Monte Carlo
simulations stands out as a substantial improvement over previous methods, which
often lacked proper control of false positive rates. This ensures that the SeqCup-Free
approach maintains a high level of reliability when applied to geodetic networks.

Here, we also applied a modified version of SeqCup, denoted by SeqCupMod.
It introduces an innovative approach by adopting non-nested hypothesis tests. This
eliminates the need to verify whether the null hypothesis is a subset of the alterna-
tive hypothesis, simplifying the process of identifying unstable points. The method’s
success rate, which surpasses previous approaches, suggests that SeqCupMod has
significant potential for applications in network monitoring.

Despite these contributions, the method presents some limitations. Although
SeqCupMod demonstrates higher success rates, its theoretical structure still requires
further investigation to fully understand the reasons behind its enhanced performance
when adopting non-nested hypothesis tests. More in-depth theoretical studies will help
uncover the underlying mechanisms that contribute to these success rates.
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Appendix A General Form of the Generalized
Likelihood Ratio Tests

The probability density function (PDF) ΦN under H0 is given by:

ΦN (∆e | H0) = exp
{
−0.5

[
(∆e− 0)

T
Σ−1

∆e (∆e− 0)
]}

(A1)

For each alternative hypothesis Hqj
gi , the corresponding PDFs are expressed as

ΦNi

(
∆e | Hqj

gi

)
= exp

{
−0.5

[(
∆e−Cqj

gi∇̂
qj
gi

)T

Σ−1
∆e

(
∆e−Cqj

gi∇̂
qj
gi

)]}
,

for i = 1, . . . ,Kqj
np

(A2)

The generalized likelihood ratio tests (GLRT) can be then computed (e.g.,
Teunissen (2006)) as follows:

T qj
gi =

maxΦN (∆e | H0)

maxΦNi

(
∆e | Hqj

gi

) ,
=

exp
{
−0.5

[
(∆e0 − 0)

T
Σ−1

∆e (∆e0 − 0)
]}

exp

{
−0.5

[(
∆e−Cqj

gi∇̂
qj
gi

)T
Σ−1

∆e

(
∆e−Cqj

gi∇̂
qj
gi

)]} ,

= (∆e0)
T
W (∆e0)︸ ︷︷ ︸
H0

−
(
∆eqjgi

)T
W

(
∆eqjgi

)︸ ︷︷ ︸
HA

, i = 1, . . . ,Kqj
np

(A3)

in which maxΦN (∆e | H0) and maxΦNi

(
∆e | Hqj

gj

)
are the maximum likelihood

of the error vector ∆e under H0 and under the alternative hypotheses Hqj
gi , i =

1, . . . ,K
qj
np , respectively. The constant term (2π)−n/2|Σ∆e|−1/2 was omitted from the

GLRT because it appears in the PDFs for both the null and alternative hypotheses.
In this case, the test statistic of interest is the maximum value, given by:

T qj
max = max

i∈1,...,K
qj
np

T qj
gi , (A4)

Appendix B Monte Carlo Approach for Controlling
the False Alarm Rate

When performing multiple hypotheses tests, there is the probability of committing at
least one false discovery (false alarm), or Type I Error. Thus, the probability of a false
alarm (PFA) for the case where SecUp-Free is in play corresponds to the probability
of incorrectly detecting at least one point as displaced while in fact there is none
(i.e., accept at least one alternative hypothesis when, in fact, the null hypothesis is
true). This means that the PFA for SecUp-Free does not depend on all subsequent
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test steps, only on the extreme test statistic computed in its first step, i.e., only for
T q1
max. The risk of rejecting a true H0 is now one-fold: the undesired random event

"reject a true H0" can occur in any of the Kq1
np

= np tests. Let the probability of
rejecting a true H0 in test ‘k ’ be αk (the so-called “experimentwise error rate”) and
let αk << 1. Furthermore, assume the random events “reject a true H0 in test ‘k ’ to
be approximately statistically independent. Then the total probability of rejecting a
true H0 in the multiple hypothesis test (the so-called “familywise error rate”, denoted
here by α) is Lehmann and Lösler (2017):

α ≈
np∑
k=1

αk (B5)

The classical and well-known procedure to control the PFA is to apply the
Bonferroni equation by choosing Abdi (2007):

αk :=
α

np
(B6)

Unfortunately, the test statistics T q1
g1 and consequently the random events “reject

a true H0 in test k are statistically dependent. The extreme statistic T q1
max captures

such dependencies, as it is extracted from the T q1
gk

, k = 1, . . . , np. If such dependencies
are neglected, then the computed critical values are erroneous, and the test decisions
do not have the user-defined family-wise error rate α. Here, the maximum test value
T q1
max is treated directly as a test statistic. The decision rule is based on a one-sided test

of the form T q1
max <= cα. However, the distributions of T q1

max cannot be derived from
well-known test distributions (e.g., χ2-distribution). Therefore, critical values cannot
be taken from a statistical table but should be computed numerically. A rigorous
computation of critical values requires a Monte Carlo technique.

1. Generate a sequence of M random vectors of the measurement errors for both
Epoch 1 ev

(1)
m and Epoch 2 ev

(2)
m , m = 1, . . . ,M of the desired distribution. e.g.: ev

(1)
m ∼ N

(
0,Σy

(1)
)

for Epoch 1

ev
(2)
m ∼ N

(
0,Σy

(2)
)

for Epoch 2
, m = 1, . . . ,M (B7)

where M is known as the number of Monte Carlo experiments. In addition, Matlab’s
‘mvnrnd’ command may be used in this step, for example.

2. For each pair ev
(1)
m and ev

(2)
m , m = 1, . . . ,M , compute the differences in errors

between the two epochs, i.e.:

∆em = ev
(2)
m − ev

(1)
m , m = 1, . . . ,M (B8)

3. Assemble the displacement-design matrix for q1 such that
(
Cq1

gi

)
m

, i = 1, . . . , np,
for each Monte Carlo experiment, m = 1, . . . ,M . If we have a trilateration network
at hand, then the signs of the coefficients of the displacement-design matrix can be
obtained according to sign function sign(∆em), m = 1, . . . ,M . Next, compute the
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test statistic from Eq.(10) and then the maximum from Eq.(13) for each Monte
Carlo experiment, i.e., (T q1

max)m, m = 1, . . . ,M .
4. Sort in ascending order the (T q1

max)m, getting a sorted vector Ts, such that:

Ts = (T q1
max)1 < (T q1

max)2 , . . . , < (T q1
max)M (B9)

The sorted values in the vector Ts provide a discrete representation of the
cumulative density function of the maximum test statistic T q1

max.
5. Determine the critical value cα (e.g., Lehmann (2012)):

cα =
1

2

(
Ts[(1−α)M ] + Ts[(1−α)M ]+1

)
(B10)

where [.] denotes rounding down to the next integer that indicates the position of
the selected elements in the ascending order of Ts. This position corresponds to a
critical value for a stipulated PFA (α). This can be done for a sequence of values
α in parallel.
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